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[le : Terms —  Semantics  (evaluation function)
l ¢ Semantics —— Normal forms (inverse)
T : Variables ——  Semantics  (valuation)

> Soundness: r — s = [[r]le = [[s]

> Reproduction: r in normal form = |[[r]; =7
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[le : Terms —  Semantics  (evaluation function)
l ¢ Semantics —— Normal forms (inverse)
T : Variables ——  Semantics  (valuation)

> Soundness: r — s = [[r]le = [[s]

> Reproduction: r in normal form = |[[r]; =7
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[le : Terms —  Semantics  (evaluation function)
l ¢ Semantics —— Normal forms (inverse)
T : Variables ——  Semantics  (valuation)

> Soundness: r — s = [[r]le = [[s]

> Reproduction: r in normal form = |[[r]; =7

=3 s€ NFg = r—="s
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[le : Terms —  Semantics  (evaluation function)
l ¢ Semantics —— Normal forms (inverse)
T : Variables ——  Semantics  (valuation)

> Soundness: r — s = [[r]le = [[s]

> Reproduction: r in normal form = |[[r]; =7

=38 €ENFg = r—*s = [[r];

Untyped Normalization by Evaluation Tallinn 17.4.4
Motivation Example Axioms 2-level Evaluation Object Meta eval skk Standardization Bohm Types Conclusions



[le : Terms —  Semantics  (evaluation function)
l ¢ Semantics —— Normal forms (inverse)
T : Variables ——  Semantics  (valuation)

> Soundness: r — s = [[r]le = [[s]

> Reproduction: r in normal form = |[[r]; =7

TZBSGNFB — r—-"s = H[THT:“[SHT
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[le : Terms —  Semantics  (evaluation function)
l ¢ Semantics —— Normal forms (inverse)
T : Variables ——  Semantics  (valuation)

> Soundness: r — s = [[r]le = [[s]

> Reproduction: r in normal form = |[[r]; =7

r=gs€NFg = r—"s = [[r]]y = |[s]y =s
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Example — The typed )-calculus

> Terms: A with simple types
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Example — The typed )-calculus

> Terms: A with simple types

> Semantics: ] :=NF,, [p— o] :=[p] — (o]
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Example — The typed )-calculus

> Terms: A with simple types
> Semantics: ] :=NF,, [p— o] :=[p] — (o]
> Evaluation: [z]le := &z, [rs]e == [[rllellslle, [Azrlle := AX[rlleo=x
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Example — The typed )-calculus

> Terms: A with simple types

> Semantics: [ ;= NF,, [p = o] := [p]] = [o]

> Evaluation: [z := éx, [rslle := [rlellsle, [Marle := AX[rllerimx
> T, {@r | 7 normal} — [p]] and |, :[p] — NF,

Tro= Tt = AXT,(r |, X),
Lr = Lo = Az |, (RT,7), T new
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Example — The typed )-calculus

Terms: A with simple types
Semantics: ] :=NF,, [p— o] :=[p] — [o]

Evaluation: [z])¢ := éz, [rslle := [rlellsle, [Marle := AX[rlesi—x
1, {a7 | Fnormal} — 5] and |, : ] — NF,

[TLT = T, Tt = AXT,(r |, X), j
Lr = Lo = Az |, (RT,7), T new

AXR

v V. vV V

> Properties: |,
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Example — The typed )-calculus

Terms: A with simple types
Semantics: ] :=NF,, [p— o] :=[p] — [o]

Evaluation: [z])¢ := éz, [rslle := [rlellsle, [Marle := AX[rlesi—x
1, {a7 | Fnormal} — 5] and |, : ] — NF,

[TLT = T, Tt = AXT,(r |, X), j
Lr = Lo = Az |, (RT,7), T new

AXR = Mx|,((AXR)T,r)

v V. vV V

> Properties: |,
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Example — The typed )-calculus

Terms: A with simple types
Semantics: ] :=NF,, [p— o] :=[p] — [o]

Evaluation: [z])¢ := éz, [rslle := [rlellsle, [Marle := AX[rlesi—x
1, {a7 | Fnormal} — 5] and |, : ] — NF,

[TLT = T, Tt = AXT,(r |, X), j
Lr = Lo = Az |, (RT,7), T new

> Properties: |, AXR = Az|,((AXR)T,z) = Azl| (R[X :=1,7]).

v V. vV V
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Example — The typed )-calculus

Terms: A with simple types
Semantics: ] :=NF,, [p— o] :=[p] — [o]

Evaluation: [z])¢ := éz, [rslle := [rlellsle, [Marle := AX[rlesi—x
1, {a7 | Fnormal} — 5] and |, : ] — NF,

[TLT = T, Tt = AXT,(r |, X), j
Lr = Lo = Az |, (RT,7), T new

v V. vV V

> Properties: |, AXR = Az|,((AXR)T,z) = Azl| (R[X :=1,7]).
(Tp—ot)S
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v V. vV V

Terms: A with simple types
Semantics: [[i]| :=NF,, [p — o] :=[p] — [o]

Evaluation: o] = &z, [rslle := [llelsle,  [arle := AX[r]lgmmx
1, {a7| 7 normal} — [[o] and 1,: [p] - NF,

Tro= Tt = AXT,(r],X),
Lr = Lo = Az |, (RT,7), T new

Properties: |, AXR = Xz |, ((AXR)T,z) = Az|, (R[X :=1,]).
(Tp—0o7)S (AX 1,(r],X))S
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Terms: A with simple types
Semantics: [[i]| :=NF,, [p — o] :=[p] — [o]

Evaluation: o] = &z, [rslle := [llelsle,  [arle := AX[r]lgmmx
1, {a7| 7 normal} — [[o] and 1,: [p] - NF,

Tro= Tt = AXT,(r],X),
Lr = Lo = Az |, (RT,7), T new

v V. vV V

> Properties: |, AXR = Az|,((AXR)T,z) = Azl| (R[X :=1,7]).
(Tpmor)S = (AXT1,(r],X))S = 1,(rl,9).
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Terms: A with simple types
Semantics: [[i]| :=NF,, [p — o] :=[p] — [o]

Evaluation: o] = &z, [rslle := [llelsle,  [arle := AX[r]lgmmx
1, {a7| 7 normal} — [[o] and 1,: [p] - NF,

Tor =1 Tmer = AXT,(r],X),
Lr = Lo = Az |, (RT,7), T new

v V. vV V

> Properties: |, AXR = Ar lg(()\XR)Tp:c) = Az ], (R[X = Tpa:]).
(Tpmor)S = (AXT1,(r],X))S = 1,(rl,9).
lLTLT
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Terms: A with simple types
Semantics: [[i]| :=NF,, [p — o] :=[p] — [o]

Evaluation: o] = &z, [rslle := [llelsle,  [arle := AX[r]lgmmx
1, {a7| 7 normal} — [[o] and 1,: [p] - NF,

Tor =1 Tmer = AXT,(r],X),
Lr = Lo = Az |, (RT,7), T new

v V. vV V

> Properties: |, AXR = Ar lg(()\XR)Tp:c) = Az ], (R[X = Tpa:]).
(Tpmor)S = (AXT1,(r],X))S = 1,(rl,9).
Lioby, =
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From properties to axioms

> Properties. |, AXR Ar |, ((AXR)T,7)

(Tpmom)S = (AXT1,(r],X))S
LT, r.

o |, (RIX =1 ,a]).
To(r1,5).
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From properties to axioms

> Properties. |, AXR = Az|,((AXR)T,z) = Xzl| (R[X :=1,7]).
(Tp—om)S = AXT1,(rl,X))S = T,(rl,5).
L I,r = r

[Discard types — we only need to know whether function or notj
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> Properties. |, AXR Ar |, ((AXR)T,7)

(Tpmom)S = (AXT1,(r],X))S
L r.

Ax | (R[X =
15(r1,9).

[Discard types — we only need to know whether function or not}

> Axioms. |[AXR Az [(R|X = Tz]).
(1r)S = T1(rlS).
1 Tr r.

1))
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(Just another) 2-level-calculus

> Terms. A > rst == x | rs | Az
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(Just another) 2-level-calculus

> Terms. A 3> 1rs,t = x | rs | A,
A > mysit = x | rs | dzr
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(Just another) 2-level-calculus

> Terms. A 3> 1rs,t = x | rs | A,
A > rs,t = x | rs | Xer | [R
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(Just another) 2-level-calculus

> Terms. A 3> 1rs,t = x | rs | A,
A > rs,t = x | rs | Xer | [R
A, > R,S,T == X | RS | \XR
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(Just another) 2-level-calculus

> Terms. A 3> 1rs,t = x | rs | A,
A > rs,t = x | rs | Xer | [R
A, > RS, T == X | RS | AXR | 1r
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(Just another) 2-level-calculus

> Terms. A 3> 1rs,t x | rs | Azr,
A > rs,t x | rs | der | |R

Ay > R,ST X | RS | AXR | 1r

> Reductions. (AXR)S 3 R[X :=S5]

(Tr)S o T(rlS)
INXR 4 Mel(R[X :=1z]),  z new

r g r
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(Just another) 2-level-calculus

> Terms. A > rs,t
A > st
Ao > R, ST

x | rs | Azr,
x | rs | der | |R
X | RS | A XR | Ir

> Reductions. (AXR)S 3 R[X :=S5]

(Tr)S o T(rlS)
INXR 4 Mel(R[X :=1z]),  z new

Ir —a r

> This yields an orthogonal higher order rewrite system =- confluence.
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> Definition. [zl := &z, [rslle := [rlellsle,  [Aerle = AX[r]le.cmx.
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> Definition. [zl := &z, [rslle := [rlellsle,  [Aerle = AX[r]le.cmx.

> Simulation. r —gs = [[r]le =3 [s]¢.
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)slle = (AX[rllez:=x)[slle
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

> Simulation. r —gs = [[r]le =3 [s]¢.

[Azr)slle = (AX[r]lea:=x)lsle = [rllea:=x[X = [s]e]
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[Azr)s]e = (AX[rlea=x)slle =3 [r]lez:=x[X := [s]e]
— [[T]]f,x =[slle — [T[ZE = S]]]f
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> Reproduction. |[r]]; = r for normal forms r.

Hzr ]l
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]le

> Reproduction. |[r]]; = r for normal forms r.

=Ty = L(2) [ 1)
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZIZ = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

Herlly = LWT2)[7 ) =4 LT L7 1)
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZIZ = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

Herlly = W(2)[7]l) —a 11@LF]) —a 27 ]
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZIZ = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

Herlly = L((2)[7]r) —& T (@L7 ) —a zl[7]y —F 27
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZIZ = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

Wz = L) [7Tr) =5 1T (@l [7]r) —a 2l [7]; =5 a7
HAzr]y
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZE = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

Herlly = L((2)[7]r) —& T (@L7 ) —a zl[7]y —F 27
Hzrlly = IAXr]le:=x

Untyped Normalization by Evaluation Tallinn 17.4.4
Motivation Example Axioms 2-level Evaluation Object Meta eval skk Standardization Bohm Types Conclusions



> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZE = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

Herly = L(2)[r]l) —2 M@ ]y) —a zlF ]l =5 o7
HAzrlly = IAX.(r]lt e=x —a Azl{r]lte=x[X = T2]
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZE = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

Herlly = L(2)[F]r) =2 U1(@LF]y) —a zl[F]y =5 27
Azr]ly = IAX 7]l z=x —a Azl([7]l1,2:=x[X = T2] = Azl [r]l;

Untyped Normalization by Evaluation Tallinn 17.4.4
Motivation Example Axioms 2-level Evaluation Object Meta eval skk Standardization Bohm Types Conclusions



> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZE = S]]]f

> Reproduction. |[r]]; = r for normal forms r.

ey = LAD)F]) = U@LUF]) —a 2L[7]; —F 27
1Darly = MK [l emx —a Ml [Flpemx X = Ta] = Aal ]y —% Aar
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> Definition. [z :=éx,  [rsle == [rlelsle,  [Aerlle == AX.[rleoix.

PAad

> Simulation. r —gs = [[r]le =3 [s]¢.

[(Azr)s]e (AX[rlle,a:=x)lIslle =p [rlle.a:=x|X := [s]le]
[[T]]S,x::[[s]]g — [T[ZIZ = S]]]f

> Reproduction. |[r]]; = r for normal forms r.
Herlly = (o) [7]y) =2 11(@L7]y) —a 2l [Fl —F 27
Ldzr)ls = IAX 7]l e:=x —a Azl[7]t,2:=x[X = Tx] = Az |[r]} —F Azr.

> Corollary. r =5 s € NFg = |[[r]y =" s.
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Implementation: Object calculus
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Implementation: Object calculus

Choose de Bruijn terms for simplicity.

data Term = Var Integer | App Term Term | Abs Term deriving Show
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Choose de Bruijn terms for simplicity.

data Term = Var Integer | App Term Term | Abs Term deriving Show

An interface to make lifting easy:

type TERM = Integer -> Term

inspect :: TERM -> Term
inspect £ = £ O

freevar k =\ n -> Var (n + k)

boundvar kK = \'n -> Var (n - k - 1)

apply rs =\ n -> App (r n) (s n)

bind f =\ n -> Abs (f (boundvar n) (n + 1))
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Implementation — Metalevel calculus

Terms. Tr | AXR | RS

X
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Implementation — Metalevel calculus

Terms. Tr | AXR | RS

data LAM = Up TERM | ABS (LAM -> LAM)

X
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Implementation — Metalevel calculus

Terms. Tr | AXR | RS

data LAM = Up TERM | ABS (LAM -> LAM)

Reductions for |: ITr —q r
IMNXR —g Ml(R[X:

X

1z])
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Implementation — Metalevel calculus

Terms. Tr | AXR | RS

data LAM = Up TERM | ABS (LAM -> LAM)

X

Reductions for |: ITr —q r
IMNXR +—g Ml(R[X :=Tz])
down :: LAM -> TERM —-— the d-rules
down (ABS f) = bind (\ x -> (down (f (Up x))))
down (Upr) =r
Untyped Normalization by Evaluation Tallinn 17.4.4
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Implementation — Metalevel calculus

Terms. Tr | A XR | RS | X

data LAM = Up TERM | ABS (LAM -> LAM)

Reductions for |: ITr —q r
IMNXR +—g Ml(R[X :=Tz])
down :: LAM -> TERM —-— the d-rules
down (ABS f) = bind (\ x -> (down (f (Up x))))
down (Upr) =r
Reductions for application: (AXR)S w3 R[X:=S5]

(17)S —a 1(rlS)
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Terms.

data LAM = Up TERM | ABS (LAM -> LAM)

Reductions for |:

down :: LAM -> TERM -=
down (ABS f) = bind (\ x -> (down (f (Up
down (Upr) =r

Reductions for application:

app :: LAM -> LAM -> LAM
app (ABS f) r =
app (Up r)

fr --
s = Up (apply r (down s)) --

Tr | A XR | RS | X
Or —a r
IMNXR +—g Ml(R[X :=Tz])

the d-rules
x))))

(AXR)S 5 R[X := 8]
(Tr)S —a 1(rlS)

the beta-rule
the a-rule
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type Valuation = Integer -> LAM

comma :: Valuation -> LAM -> Valuation

comma xi r n = if n == 0 then r else xi (n - 1) E,x:=R
eval :: Term -> Valuation -> LAM

eval (Var n) xi =xin Ex

eval (Abs r) xi = ABS (\ a -> eval r (xi ‘comma‘ a)) ‘A)Yﬂﬂrﬂgﬁmzix
eval (App r s) xi = (eval r xi) ‘app‘ (eval s xi) Hrﬂgﬂsﬂg

nbe r = inspect (down (eval r (Up . freevar))) lHTHT

= (down (eval r (Up . freevar))) O
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Implementation — Examples

k = Abs (Abs (Var 1)) E= A\
s = Abs (Abs (Abs (Var 2 ‘App¢ (Var 0) ‘App‘ (Var 1 ‘App‘ (Var 0)))))
i=s ‘App‘ k ‘App‘ k S = )\)\)\.2()(10)
omega = Abs (Var 0 ‘App‘ (Var 0)) w = A.00
oomega = omega ‘App‘ omega ) = ww
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k = Abs (Abs (Var 1)) k= A\l
s = Abs (Abs (Abs (Var 2 ‘App‘ (Var 0) ‘App¢ (Var 1 “App‘ (Var 0)))))

i=s ‘App‘ k ‘App‘ k S = )\)\)\.20(10)
omega = Abs (Var 0 ‘App‘ (Var 0)) w = A.00
oomega = omega ‘App‘ omega ) = ww

Main> nbe k
Abs (Abs (Var 1))
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k = Abs (Abs (Var 1)) E = A\l

s = Abs (Abs (Abs (Var 2 ‘App¢ (Var 0) ‘App‘ (Var 1 ‘App‘ (Var 0)))))
i=s ‘App‘ k ‘App‘ k S = )\)\)\.20(10)

omega = Abs (Var 0 ‘App‘ (Var 0)) w = A.00

oomega = omega ‘App‘ omega ) = ww

Main> nbe k

Abs (Abs (Var 1))

Main> nbe i

Abs (Var 0)
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k = Abs (Abs (Var 1)) k= A\l
s = Abs (Abs (Abs (Var 2 ‘App‘ (Var 0) ‘App¢ (Var 1 “App‘ (Var 0)))))

i=s ‘App‘ k ‘App‘ k S = )\)\)\.20(10)
omega = Abs (Var 0 ‘App‘ (Var 0)) w = A.00
oomega = omega ‘App‘ omega ) = ww

Main> nbe k
Abs (Abs (Var 1))

Main> nbe i
Abs (Var 0)

Main> nbe (k ‘App‘ i ‘App‘ oomega)
Abs (Var 0)
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> Standard reduction. Head redexes are executed first or never.
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> Standard reduction. Head redexes are executed first or never.

> Theorem. Reduction sequences can be standardized.
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> Standard reduction. Head redexes are executed first or never.
> Theorem. Reduction sequences can be standardized.

> Corollary. Normalization (= reduction to normal form)

e need not reduce under meta-abstractions,
e may follow a call-by-name strategy.
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> Standard reduction. Head redexes are executed first or never.
> Theorem. Reduction sequences can be standardized.

> Corollary. Normalization (= reduction to normal form)

e need not reduce under meta-abstractions,
e may follow a call-by-name strategy.

> Corollary. We can compute (the defined parts of ) Bohm trees —
normalization for diverging terms.
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Bohm trees — Examples

pair = Abs (Abs (Abs (Var O ‘App‘¢ Var 2 ‘App‘ Var 1)))
swap = Abs (Abs (Abs (Var 0 ‘App‘ Var 1 ‘App‘ Var 2)))
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pair = Abs (Abs (Abs (Var 0 ‘App¢ Var 2 ‘App‘ Var 1)))
swap = Abs (Abs (Abs (Var O ‘App‘ Var 1 ‘App‘ Var 2)))

Main> nbe (pair ‘App¢ i “App‘ oomega)
Abs (App (App (Var 0) (Abs (Var 0))) {Interrupted!}
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pair = Abs (Abs (Abs (Var 0 ‘App¢ Var 2 ‘App‘ Var 1)))
swap = Abs (Abs (Abs (Var O ‘App‘ Var 1 ‘App‘ Var 2)))

Main> nbe (pair ‘App¢ i “App‘ oomega)
Abs (App (App (Var 0) (Abs (Var 0))) {Interrupted!}

Main> cut (nbe (pair ‘App‘ i ‘App‘ oomega)) ["01"]
Abs (App (App (Var 0) (Abs (Var 0))) (Var (-1)))
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pair = Abs (Abs (Abs (Var 0 ‘App¢ Var 2 ‘App‘ Var 1)))
swap = Abs (Abs (Abs (Var O ‘App‘ Var 1 ‘App‘ Var 2)))

Main> nbe (pair ‘App¢ i “App‘ oomega)
Abs (App (App (Var 0) (Abs (Var 0))) {Interrupted!}

Main> cut (nbe (pair ‘App‘ i ‘App‘ oomega)) ["01"]
Abs (App (App (Var 0) (Abs (Var 0))) (Var (-1)))

Main> nbe (pair ‘App‘ i ‘App‘ oomega ‘App‘ swap)
Abs (App (App (Var 0) {Interrupted!}
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pair = Abs (Abs (Abs (Var 0 ‘App¢ Var 2 ‘App‘ Var 1)))
swap = Abs (Abs (Abs (Var O ‘App‘ Var 1 ‘App‘ Var 2)))

Main> nbe (pair ‘App‘ i ‘App‘ oomega)
Abs (App (App (Var 0) (Abs (Var 0))) {Interrupted!}

Main> cut (nbe (pair ‘App‘ i ‘App‘ oomega)) ["01"]
Abs (App (App (Var 0) (Abs (Var 0))) (Var (-1)))

Main> nbe (pair ‘App‘ i ‘App‘ oomega ‘App‘ swap)
Abs (App (App (Var 0) {Interrupted!}

Main> cut (nbe (pair ‘App‘ i ‘App‘ oomega ‘App‘ swap)) ["001"]
Abs (App (App (Var 0) (Var (-1))) (Abs (Var 0)))
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Types — Computing n-long normal forms
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Types — Computing n-long normal forms

> Head expansion. Instead of |r +4 r define

LIrP —anp,r with nr:=r and 7,7 = Ax.n.(rn,x).
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Types — Computing n-long normal forms

> Head expansion. Instead of |r +4 r define

LIrP —anp,r with n,r:=7r and 7,7 = Ax.n.(rn,x).

> Theorem. On typed terms — is SN and computes 7-long normal forms.

> Corollary. Typed NBE (as defined in the beginning) is a model.
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> Normalization by Evaluation needs no types —
the information of whether a function or not suffices.

> Non-termination: (partial) normal forms are found whenever they exist.
> Use Haskell for normalization (= doing the substitutions).

> Type-directed NBE as an example.
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Theorem. r =g A\Z(z7r) & s =" |[r]
|

Proof.
r—g AE(xt) 5— AM(27) by the Church-Rosser prop. of — g,
s =" r]] =" AZ(zL[t]])

1) by standardization,

- —-

(
s —» AE(x§) —=* A\Z(xl[[t]) property of —».

Theorem. |[[[t] —* AZ(zR) = t —* AZ(at).

Untyped Normalization by Evaluation Tallinn 17.4.4
Motivation Example Axioms 2-level Evaluation Object Meta eval skk Standardization Bohm Types Conclusions

15



