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» applications in program specification and verification
e model checking of properties of processes

» theory with long tradition:

e Buchi
e Rabin
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Key Connection

» automata are finite devices for classifying (potentially) infinite objects
» automata are handy, non-linear generalizations of formulas
(& conversely: effectively transform automaton into equivalent formula)

» apply automata theory to prove results about logic
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Classification of Automata

> target objects: streams/trees/graphs/transition systems/. . .
» degree of interaction: determinism/nondeterminism /alternation
(perhaps better: nature of one-step interaction)

» acceptance condition: Biichi/Muller/parity/. . .
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Acceptance Conditions

» A run of A on an object S (a match of the acceptance game) induces an
infinite sequence p = agaias. ..

» Acceptance given by some set Acc C A%, . ..

» . .. often expressed in terms of the set

Inf(p) := {a € A | a occurs infinitely often in p}.

» Examples:

Name Type Acceptance condition

Blichi FCA Fninf(p) # 9

Muller | M C o(A) | Inf(p) € M

parity | Q: A —w | max{Q(a) | a € Inf(p)} is even
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Sample Results

Theorem (McNaughton, Safra)
Every NDet stream automaton has a Det (Muller/parity) equivalent.

. no generalization to automata on trees/transition systems. . .

Theorem (Muller & Schupp)
Every Alt tree automaton has a NDet Muller equivalent.

.. . generalizations to automata on transition systems/. . .

Theorem (Janin & Walukiewicz)
Every recognizable class of transition systems contains a small TS.

.. . generalizes results on stream & tree automata.
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Aim of talk

Question

Which general principles underlie these results?

Basic observation

infinite words, trees, LTSs, . . . are coalgebras

Main message

Key results in automata theory are part of Universal Coalgebra
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» Universal Coalgebra (Rutten, 2000) is
a general mathematical theory for evolving systems

» It provides a natural framework for notions like
e behavior

e bisimulation/behavioral equivalence
® invariants

» A coalgebra is a pair S = (5,0 : S — FS), where
e S is the set of states of S,
e o is the transition map of the coalgebra,
e F is the type of the coalgebra.

» Sufficiently general to model concepts like:
input, output, non-determinism, interaction, probability, . . .

» A pointed F-coalgebra is a pair (S, sg), with sy a state in S.
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» (non-wellfounded) sets: FS = pS

» topologies: FS = pp(S)

Coalgebras over other base categories than Set:
» Harsanyi type space (game theory),
» descriptive general frames (modal logic)

» stochastic transition systems
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Coalgebras and their Morphisms

Definition: Let F be a set functor.
» An F-coalgebra is a pair S=(S,0: S — FS).

» A coalgebra homomorphism between two coalgebras S and S’ is a map
f:8— S suchthat 0’0o f =Ffoo:

S / S’
o O'/
F
FS T
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Relation between algebra & coalgebra characterized by both similarities and
dualities

» construction vs observation
A= (A a: A—FA)
C=(C,y: C—FC)

» congruence vs bisimulation

» induction vs coinduction

> ...
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Coalgebraic Logic

» Need coalgebraic languages & logics to describe and reason about
behaviour.

» Coalgebras are a natural generalization of Kripke structures
= (try to) use suitable extensions/generalizations of modal languages

» Kurz: _ _ _
Modal Logic™ Equational Logic

Coalgebra Algebra

* with fixpoint operators

Coalgebra 14
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Relation Lifting

Definition: Given relation R C Sy x S, define FR C FSy x FSy:

Consider the following diagram:

o ™1

S() Sl

Fﬂ'() F7T1

FSo

FR FS1

< 0, Fﬂ-l
Po %R b1

: (1

FS, ¥ FS,

FR := {(Fmop,Fm1p) | p € FR}.
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Relation Lifting, continued

Example:

» (-labelled binary trees:

(c,s1,8,)BR(c,s),5.) iff c =, 5;Rs) and s, Rs...

» Kripke frames:

XPRX' iff Ve e X. 3z € X'.aRx'
and Vzr e X.3x' € X'.2Rx’.

» Kripke models:

(7, X)KR(r', X') iff T = 7’ and XPRX'

Coalgebra Automata 18



Venema FICS 2009

Bisimulations via Relation Lifting

Definition: With S= (S,0: 5 — FS) and §' = (5,06’ : S — FS) two
F-coalgebras,

Coalgebra Automata 19



Venema FICS 2009

Bisimulations via Relation Lifting

Definition: With S = (S,0: 5 — FS) and §' = (5,06’ : § — FS) two
F-coalgebras,

» 7 C S xS is a bisimulation if (0(s),0(s")) € F(Z) for all (s,s') € Z

Coalgebra Automata 19



Venema FICS 2009

Bisimulations via Relation Lifting

Definition: With S = (S,0: 5 — FS) and §' = (5,06’ : § — FS) two
F-coalgebras,

» 7 C S xS is a bisimulation if (0(s),0(s")) € F(Z) for all (s,s') € Z

» s and s’ are bisimilar, notation: s < s, if sZs’ for some bisimulation Z.

Coalgebra Automata 19



Venema FICS 2009

Bisimulations via Relation Lifting

Definition: With S = (S,0: 5 — FS) and §' = (5,06’ : § — FS) two
F-coalgebras,
» 7 C S xS is a bisimulation if (0(s),0(s")) € F(Z) for all (s,s') € Z

» s and s’ are bisimilar, notation: s < s, if sZs’ for some bisimulation Z.

This generalizes known examples!

Coalgebra Automata 19



Venema FICS 2009

Bisimulations via Relation Lifting

Definition: With S = (S,0: 5 — FS) and §' = (5,06’ : § — FS) two
F-coalgebras,

» 7 C S xS is a bisimulation if (0(s),0(s")) € F(Z) for all (s,s') € Z

» s and s’ are bisimilar, notation: s < s, if sZs’ for some bisimulation Z.

This generalizes known examples!

Proposition: {B | B : Sy < S;} is a complete lattice, with unions as
joins, and < as top.

Coalgebra Automata 19



Venema FICS 2009

Bisimulations via Relation Lifting

Definition: With S= (S,0: 5 — FS) and ' = (5,0’ : S — FS) two
F-coalgebras,

» Z C S x S"is a bisimulation if (o(s),0(s")) € F(Z) for all (s,s') € Z

» s and s’ are bisimilar, notation: s < s’, if sZs’ for some bisimulation Z.

This generalizes known examples!

Proposition: {B | B : Sy < S;} is a complete lattice, with unions as
joins, and < as top.

Proof: Bisimulations are postfixpoints of the monotone operation
R — {(80,81) | (0'080,0'181) c ?R}

The relation < is its greatest fixpoint.

Coalgebra Automata 19
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Bisimilarity Game

Bisimilarity game B(A,S) for F-coalgebras A = (A, ) and S = (S, 0):

Position Player | Admissible moves
(a,s) € A xS = {Z | (a(a),0(s)) € F(Z)}
ZCAXxS \ Z =A{(b,t) | (b,t) € Z}

Winning conditions:
» finite matches are lost by the player who gets stuck,

» infinite matches are won by 4.

Theorem: For all a,s: (a,s) € Wing(B) iff Aja < S, s.

Coalgebra Automata 20
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Coalgebra Automata

Definition Let F be a set functor.
A (nondeterministic) F-automaton is a quadruple A = (A, ay, A, Q) with
e A a finite set of states
e a; is the starting state
e A : A— PFA is the transition function
(variation: alternating automata have A : A — PPFA)

e (): A — wis the parity acceptance condition

Coalgebra Automata 21
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S =(S,0):
Position Player | Admissible moves Parity
(a,s) € Ax S = {(a,s) e FAX S|aeAa)} | Q2(a)
(a,s) e FAX S = {Z | (a,0(s)) € F(Z)} 0
ZCAxS \ Z =A{(b,t) | (b,t) € Z} 0

Coalgebra Automata

22



Venema FICS 2009

Acceptance Game

Acceptance game B(A,S) of F-automaton A = (A, a;A, Q) on F-coalgebra
S =(S,0):

Position Player | Admissible moves Parity
(a,s) € Ax S = {(a,s) e FAX S|aeAa)} | Q2(a)
(a,s) e FAX S = {Z | (a,0(s)) € F(Z)} 0
ZCAxS \ Z =A{(b,t) | (b,t) € Z} 0

Winning conditions:

Coalgebra Automata 22



Venema FICS 2009

Acceptance Game

Acceptance game B(A,S) of F-automaton A = (A, a;A, Q) on F-coalgebra
S =(S,0):

Position Player | Admissible moves Parity
(a,s) € Ax S = {(a,s) e FAX S|aeAa)} | Q2(a)
(a,s) e FAX S = {Z | (a,0(s)) € F(Z)} 0
ZCAxS \ Z =A{(b,t) | (b,t) € Z} 0

Winning conditions:

» finite matches are lost by the player who gets stuck,

Coalgebra Automata 22



Venema FICS 2009

Acceptance Game

Acceptance game B(A,S) of F-automaton A = (A, a;A, Q) on F-coalgebra
S =(S,0):

Position Player | Admissible moves Parity
(a,s) € Ax S = {(a,s) e FAX S|aeAa)} | Q2(a)
(a,s) e FAX S = {Z | (a,0(s)) € F(Z)} 0
ZCAxS \ Z =A{(b,t) | (b,t) € Z} 0

Winning conditions:
» finite matches are lost by the player who gets stuck,

» infinite matches are won as specified by )’

Coalgebra Automata 22



Venema FICS 2009

Acceptance Game

Acceptance game B(A,S) of F-automaton A = (A, a;A, Q) on F-coalgebra
S =(S,0):

Position Player | Admissible moves Parity
(a,s) € Ax S = {(a,s) e FAX S|aeAa)} | Q2(a)
(a,s) e FAX S = {Z | (a,0(s)) € F(Z)} 0
ZCAxS \ Z =A{(b,t) | (b,t) € Z} 0

Winning conditions:
» finite matches are lost by the player who gets stuck,

» infinite matches are won as specified by )’

Definition: A accepts (S, s) if (a7, s) € Wins(B(A,S)).
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Coalgebra Automata & ‘Standard’ Automata

Standard automata on words, trees, transition systems, etc, are all
special instances of coalgebra automata
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Coalgebra Automata & ‘Standard’ Automata

Standard automata on words, trees, transition systems, etc, are all
special instances of coalgebra automata

Usual presentation of nondeterministic tree automata:

A:AxC—P(AxA)

This is equivalent to the coalgebraic presentation where

A:A—-PCxAxA):

(AxC)—=PAxA) = (AxC)—((AxA) —2)
= (AXCxAxA) —2
= A—- (CxAxA) —2)

12

A—P(CxAxA)
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» Coalgebra automata are similar to the coalgebras themselves:

(S,0: 5 — FS)
(A,A: A— P(FA), Acc)

F-coalgebra S
F-automaton A
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General Picture

» Coalgebra automata are similar to the coalgebras themselves:

F-coalgebra S = (S,0:5 — FS)
F-automaton A = (A, A:A— P(FA), Acc)

» Acceptance generalizes bisimilarity.

» Separate the combinatorics (Acc) from the dynamics (A).
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Results in Universal Coalgebra

(The following are joint results with Clemens Kupke)

Theorem: Let F be an arbitrary set functor
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Results in Universal Coalgebra

(The following are joint results with Clemens Kupke)

Theorem: Let F be an arbitrary set functor preserving weak pullbacks.

» Finite Model Property If a (A,a;,A : A — P(FA),Q) accepts some
coalgebra, then it accepts some (A’, a, ay) with A” C A and a(a) € A(a).

» Determinization There is a construction transforming an alternating
F-automaton to an equivalent nondeterministic one.

» Closure Properties The recognizable languages (classes of F-coalgebras
that are accepted by some F-automaton) are closed under union,
intersection, and projection (modulo bisimulation).

» New! The recognizable languages are closed under complementation.
(This is a joint result with Christian Kissig).
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Results in Fixpoint Logic
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Results in Fixpoint Logic

The above results have various corollaries in fixpoint logics.
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Predicate Liftings

Definition: A predicate lifting for a set functor F is a natural transformation
A:P—PoF

where P is the contravariant power set functor.

An n-ary predicate lifting for F is a natural transformation A : P" - PoF.

Universal Automata Theory 28



Venema FICS 2009

Predicate Liftings

Definition: A predicate lifting for a set functor F is a natural transformation
A:P—PoF

where P is the contravariant power set functor.
An n-ary predicate lifting for F is a natural transformation A : P" - PoF.

Define a modal operator O,:

S, s IF Qe iff  o(s) € As([¢]).
S,s1F Ox(p1, ..., 0n) iff  o(s) € As([e1,---, [¥a]])-

Universal Automata Theory 28



Venema FICS 2009

Predicate Liftings

Definition: A predicate lifting for a set functor F is a natural transformation
A:P—PoF

where P is the contravariant power set functor.
An n-ary predicate lifting for F is a natural transformation A : P" - PoF.

Define a modal operator O,:

S, s IFQyp iff  o(s) € As([¢]).
S, s Ox(p1, ..., 0n) iff  o(s) € As([e1,---, [¥a]])-

Naturality of A guarantees bisimulation invariance of the modalities (.
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Example: Probabilistic Modal Logic

Let D, be the finitary distribution functor given by

DS = {u s = 0,111 us) = 1 & |Supp(p)| < w}
sesS
D,(f:5—158") = (M:S%[Ol)H)\s Z (s
sef~1(s)

D.-coalgebras can be seen as probabilistic frames.
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Example: Probabilistic Modal Logic

Let D, be the finitary distribution functor given by

DS - {M:S—%Oal]\ZM(S)Zl&\Supp(u)\<w}
seS
D,(f:5—=8") := (,u:S—>[O 1) — A’ Z (s

scf=1(s")
D.-coalgebras can be seen as probabilistic frames.

For F =D, and g € Q, the lifting A9 : P— PD, is given by
Ag(X € PS):i={p:5—=[0,1] [ X ex ul(z) = g}

This gives rise to probabilistic modal logic:

S,s - Qo <= os([¢]) >

Universal Automata Theory 29
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Predicate Liftings: More Examples
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Predicate Liftings: More Examples

» For F = P, the liftings A\°, \” : P — PP are given by
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Predicate Liftings: More Examples

» For F = P, the liftings A\°, \” : P — PP are given by
A(A) = {XCS|XNA+#wo)}
A2(4) = {XCS|XCA}

The associated modalities satisfy Oy ¢ = <& and Oy\o = 0.
» graded modal logic
» coalition logic

» conditional logic

Universal Automata Theory 30
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Coalgebraic Modal (Fixpoint) Logic

ML For a family A of predicate liftings, use {©) | A € A} as modalities:
pu=ploe Vel Oxpn. .. en).
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Coalgebraic Modal (Fixpoint) Logic

ML For a family A of predicate liftings, use {Q) | A € A} as modalities:

pu=p|lp|eVe|Oxpr,. ., en).
Semantics:

S, s1FOx(@o, .-y 0n) < da(s) € X[e1],---, [en])-

—

A predicate lifting A is monotone if Vi.X; C Y; implies A(X) C A(Y).
For a family A of such liftings, introduce fixpoint extension ML of MLy.

Theorem (Cirstea, Kupke & Pattinson [CSL'09]))
If a family A of monotone liftings admits a ‘reasonable’ one-step tableau,
the satisfiability problem for uML, is in EXPTIME.
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One-step semantics

Definition: AV A :={Oy(ai,...,a,) | A€ A,a; € A}

LoB is the set of lattice terms over B:

pu=beB|L[T[eVe|leAy
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Definition: AV A :={Oy(ai,...,a,) | A€ A,a; € A}

LoB is the set of lattice terms over B:
pu=beB|L[T[eVe|leAy

Definition: An A-valuation over S is a map v : A — P(S5).

Associate a notion of one-step satisfaction =Y C FS x LAY A:
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One-step semantics

Definition: AYA :={Oy(ai,...,a,) |\ € A,a; € A}.

LoB is the set of lattice terms over B:
pu=beB|L[T[eVe|leAy

Definition: An A-valuation over S is a map v : A — P(S5).

Associate a notion of one-step satisfaction = C FS x LAY A:

FS, 7 =" QOya iff 7€ Av(a))
FS, 7 EY wo A1 iff FS 7 EY @9 and FS, 7 =Y
FS, 7 =Y oo V1 iff FS,7EY pgor FS, 7 =Y

Note: With v: A — P(S), associate a relation Z, := {(a, s) | s € v(a)}.
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A-Automata

Definition: Let A be a family of predicate liftings for a set functor F.

A A-automaton is a quadruple A = (A, ay, 9, ) with

e A a finite set of states, of which a; is the starting state
e §: A — LAY A is the transition function

e (): A — wis the parity acceptance condition
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A-Automata

Definition: Let A be a family of predicate liftings for a set functor F.

A A-automaton is a quadruple A = (A, ay, 9, ) with

e A a finite set of states, of which a; is the starting state
e §: A — LAY A is the transition function

e (): A — wis the parity acceptance condition

Definition: Acceptance game of a A-automaton A and a T-coalgebra S:

Position Player | Admissible moves Priority
(a,s) € Ax S = {fv:A—=P(S)| TS o(s) EY(a)} | Qa)
v:A—P(9) v Zy,={{(d,s) | s €v(ad)} 0
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Bounded Model Property

(The following is joint work with Gaélle Fontaine and Raul Leal)

Theorem: Let A be some A-automaton such that L(A) # @.
Then A accepts some pointed coalgebra (S, s) of size exponential in |A|.
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Bounded Model Property

(The following is joint work with Gaélle Fontaine and Raul Leal)

Theorem: Let A be some A-automaton such that L(A) # @.
Then A accepts some pointed coalgebra (S, s) of size exponential in |A|.

In fact, our proof provides a direct construction of (S, s) from A.

Universal Automata Theory 34
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Towards Universal Automata Theory

Question: Which A have an EXPTIME nonemptiness problem?
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Further Coalgebraic Inspiration

» Model theory of modal p-calculus (joint work with Gaélle Fontaine)

» Axiomatics of modal fixpoint logics (joint work with Luigi Santocanale)
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Conclusions

» Coalgebra provides a sensible abstraction level for automata theory.

» Our understanding of modal fixpoint logics may benefit from a coalgebraic
perspective.
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Research directions

» universal automata theory
» completeness theory for coalgebraic fixpoint logics.

» automata and fixpoints in algebra|coalgebra duality.
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