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Correction

On Relating Indexed W-Types with Ordinary Ones Sattler

I-indexing. This is done by taking the equalizer of the diagram µ JfK ⇒ µ JI × fK where the two
maps respectively copy to each node the index expected from “below” and given by “above”;
taking the equalizer corresponds to type-checking the indexing information. The construction
of these maps is very much hands-on via explicit recursive definitions, with a lack of symmetry
between the two maps and an ad-hoc choice for the index value at the root of the “below” map.
This suggests we are working in the wrong slice.

Abbreviate F = Jfs,tK. We may write JfK ∼= ΣIFI
∗ and JI × fK ∼= ΣII

∗ΣIFI
∗ using 2-

functoriality and the Beck-Chevalley condition. Abbreviating T = I∗ΣI , the rolling rule [?]
allows us to derive initial algebras µ(TF ) from µ JfK and µ(T 2F ) from µ JI × fK. Since T
is induced by the adjunction ΣI a I∗ arising from the codomain bifibration, it is a cartesian
monad (T, η, θ). Having “rolled around” I∗, the two maps from above are now given completely
functorially: we define the candidate carrier X for µF simply by the following (coreflexive)
equalizer diagram:

X // µ(TF )

µ(TηF )
//

µ(ηTF )
//
µ(T 2F )µ(θF )oo

Observe that this is in complete analogy to the (coreflexive) equalizer diagram

F
ηF

// TF

TηF
//

ηTF
//
T 2FθFoo

induced by T since it is cartesian. The algebra structure h : F (X)→ X is induced by coreflex-
ive equalizers being cosifted limits together with preservation properties making the bifunctor
(H,Y ) 7→ H(Y ) preserve coreflexive equalizers jointly.3

Even more abstractly, we can define (X,h) as a coreflexive equalizer in the total space of
the cartesian fibration of algebras over endofunctors, exploiting that this functor creates limits
when they exist. Initiality of (X,h) can then be seen to transfer from initiality of µ(TF ) using
an abstract fibrational argument.

Note that it is an artifact of the 1-categorical setting that coreflexive equalizers are special
cases of equalizers. In the higher dimensional context, they represent entirely different concepts.
But even in the categorical setting, coreflexive equalizers are set apart by being cosifted limits
as used above, making clear this is the correct notion. This confusion might have led to the
unnecessary assumption of uniqueness of identity types (UIP) in certain formalizations [?].
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3Instead of coreflexive equalizers, we can more directly work with pullbacks of cospans given by Tη and ηT .
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Extensional Type Theory: W

Formation:
A : U B : A→ U

WA,B : U

Introduction, elimination, and computation rules given by semantics
as initial algebra

WA,B = µJA,BK

for polynomial endofunctor on types:

JA,BK : U → U

X 7→
∑
a:A

XB(a)



Extensional Type Theory: W

Formation:
A : U B : A→ U

WA,B : U

Introduction, elimination, and computation rules given by semantics
as initial algebra

WA,B = µJA,BK

for polynomial endofunctor on types:

JA,BK : U → U

X 7→
∑
a:A

∏
b:B(a)

X



Extensional Type Theory: Indexed W

Formation:

A : U B : A→ U
I : U t : A→ I s : ΣAB → I

WA,B,s,t : I → U

Introduction, elimination, and computation rules given by semantics
as initial algebra

WA,B,s,t = µJA,B, s, tK

for polynomial endofunctor on families over I :

JA,B, s, tK : U I → U I

(Xi )i :I 7→
( ∑

a:A,
t(a)=i

∏
b:B(a)

Xs(a,b)

)
i :I



Intuition for W

a1 : A

a2 : A

. . . . . .

. . . . . .

B(a1)

B(a2)

b : B(a1)

t(a2) = s(a1, b)

t(a1) = i

Elements of WA,B are well-founded trees.



Intuition for Indexed W

a1 : A

a2 : A

. . . . . .

. . . . . .

B(a1)

B(a2)

b : B(a1)

t(a2) = s(a1, b)

t(a1) = i

Elements of WA,B,s,t(i) are well-founded trees with matching
source/target I -annotations (think of colours).



Extensional Type Theory: Indexed W from W

I Idea: carve out trees WA,B,s,t with matching colours from
“colour-untyped” trees WA,B .

I With large elimination (not assumed): could write “colour
checker” P : WA,B → U by recursion and define
WA,B,s,t = ΣWA,B

P .
I Insight of Gambino and Hyland (TYPES 2004): can define

WA,B,s,t using identity types (equalizers) from WA,B and an
auxilliary type WI×A,B ◦π2 .
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Extensional Type Theory: Indexed W from W

a1 : A

a2 : A

. . . . . .

. . . . . .

B(a1)

B(a2)

b : B(a1)

(i1, a1) : I × A

(i2, a2) : I × A

. . . . . .

. . . . . .

B(a1)

B(a2)
i2 = t(a2)

i2 = s(a1, b)

WA,B WI×A,B ◦π2

d

u

Define (total space of) WA,B,s,t as equalizer of d and u:

WA,B,s,t =
∑

w :WA,B

IdWI×A,B ◦π2
(d(w), u(w))
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ITT with FunExt: Homotopy (Indexed) W

I Now: intensional Martin-Löf type theory with function
extensionality (homotopy type theory without universes).

I Homotopy (indexed) W-types have formation, introduction,
and elimination rules as before, but computation rule is only
up to propositional equality (cf. Sojakova).

I Homotopy indexed W-types from homotopy W-types?



ITT with FunExt: Homotopy (Indexed) W

I Now: intensional Martin-Löf type theory with function
extensionality (homotopy type theory without universes).

I Homotopy (indexed) W-types have formation, introduction,
and elimination rules as before, but computation rule is only
up to propositional equality (cf. Sojakova).

I Homotopy indexed W-types from homotopy W-types?



ITT with FunExt: Homotopy (Indexed) W

I Now: intensional Martin-Löf type theory with function
extensionality (homotopy type theory without universes).

I Homotopy (indexed) W-types have formation, introduction,
and elimination rules as before, but computation rule is only
up to propositional equality (cf. Sojakova).

I Homotopy indexed W-types from homotopy W-types?



ITT with FunExt: Homotopy (Indexed) W

I Taking the (homotopy) equalizer introduces extraneous
equalities if A is not an h-set.

WA,B,s,t
//WA,B

d //

u
//
WA,B,s,t

I Instead, take the (homotopy) coreflexive equalizer

WA,B,s,t =
∑

w :WA,B ,
p:Id(d(w),u(w))

apr (p) = αw
� β−1

w

where α : Id(r ◦ d , id) and β : Id(r ◦ u, id).
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ITT with FunExt: Homotopy (Indexed) W

Now everything works again.

Define (by hand):

I Maps d and u with proofs α : Id(r ◦ d , id) and β : Id(r ◦ u, id),
carrier as coreflexive equalizer.

I Structure map
I Eliminator
I Path for computation rule

Hands-on and very messy, but doable in principle following the
extensional case.

But feels kind of ad-hoc.
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A Conceptual Alternative
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A Conceptual Alternative: Extensional Case
Recall that WA,B,s,t = µJA,B, s, tK where JA,B, s, tK is the
composition of three things:

∆s : U I → UΣAB

(Xi )i :I 7→ (Xs(a,b))(a,b):ΣAB

ΠB : UΣAB → UA

(Y(a,b))(a,b):ΣAB 7→ (
∏

b:B(a)

Y(a,b))a:A

Σt : UA → U I

(Za)a:A 7→ (
∑
a:A

t(a)=i

Za)i :I
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ΠB : UΣAB → UA
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∏
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A Conceptual Alternative: Extensional Case

Similarly for the endofunctors underlying WA,B and WI×A,B ◦π2 :

JA,B, s, tK = ΣtΠB∆s

JA,BK = ΣAΠB∆ΣAB

JI × A,B ◦π2K = ΣI×AΠB ◦π2∆I×ΣAB

Can we relate these functors somehow?
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JA,B, s, tK =

JA,BK =
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The Rolling Rule allows us to construct µ(UV ) from µ(VU).
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(. . . )
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A Conceptual Alternative: Extensional Case

T = ∆IΣI is a cartesian monad on U I !

Unit and multiplication form a coreflexive equalizer:

1
η
// T

ηT
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Tη
//
T 2moo
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A Conceptual Alternative: Extensional Case

Instead of defining total space of WA,B,s,t as coreflexive equalizer

WA,B,s,t
//WA,B

d //

u
//
WA,B,s,troo

define WA,B,s,t as coreflexive equalizer

WA,B,s,t
// µ(TF )

µ(ηTF )
//

µ(TηF )
//
µ(T 2F )µ(mF )oo

No manual recursion needed to define analogues of d and u!
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A Conceptual Alternative: Extensional Case

Structure map induced by functoriality of limits:

F (WA,B,s,t) //

'α

��

TF (µ(TF ))
//

//

'
��

T 2F (µ(T 2F ))oo

'
��

WA,B,s,t
// µ(TF )

//

//
µ(T 2F )oo

(Uses cosiftedness of coreflexive equalizers.)

In fact, we can take the coreflexive equalizer directly in the category
of algebras over polynomial endofunctors on CI !

Initiality of µ(F ) transfers to initiality of (WA,B,s,t , α) by an
abstract fibrational argument.
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A Conceptual Alternative: Homotopification

I Argument in sufficiently abstract shape to transfer from lcc
categories to lcc quasi-categories (work in progress).

I Bonus: works for M-types as well.
I Syntax of

I ETT gives rise to lcc category.
I ITT with FunExt gives rise to lcc quasi-category (cf. Szumiło

and Kapulkin).

Warning: relationship is more complicated!
I Conjecture: Proofs about lcc quasi-categories should transfer

to internal statements in ITT with FunExt (needs checking
that internally defined notions agree with external ones).
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Internalization of Higher Categorical Reasoning: Obstacles

I Why not carry out higher categorical proofs internally?

I Internal notion of contractibility and homotopy initiality only
need categorical structure up to level 1 and 2 to be made
explicit.

One of the selling points of HoTT.
I Caveat (example): to talk about categorical structure on level

n of ΣX :U (F (X )→ X ) (large type of algebras), need to talk
about structure on level n + 1 of U .

I Statements about categorical structure up to level 2 at the end
of the proof require explication of categorical structure up to
level 2 + k at the beginning.

I Practically infeasible already for k ≥ 2.
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The End

Thank you for your attention!


