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Abstract

We have previously demonstratethatdataflav computatioris comonalic. Herewe
amuethat attribute evaluaton hasa lot in commonwith dataflav computationand
admitsa similar analysis We claim thatthis yields a new, modularway to organize
both attribute evaluationprogramswritten directly in a functionallanguageaswell

asattribute grammarprocessors.

1 INTRODUCTION

Following on from the seminalworks of Moggi [Mog91] and Wadler [Wad92],
monadshave becomea standardool in functional programmingfor structuring
effectful computationshatareusedbothdirectlyin programmingandin language
processorsin orderto beableto goalsobeyondwhatis coveredby monadsPower
andRobinson[PR97]inventedthe conceptof Freyd categories. Hughes[Hug00]
proposedhe same,unavare of their work, underthe nameof arrow types. The
shavcaseapplicationexampleof Freyd cateyories/arrav typeshasbeendataflav
computationwhich, for us,is anumbrellanamefor variousformsof computation
basedn streamsr timedversionghereof.

In two recentpaperdUV05a, UV05b], we aguedthat,asfar asdataflav com-
putationis concernedaviablealternatve to Freyd cateyoriesis providedby some-
thing considerablymorebasicandstandardnamelycomonadsthe formal dual of
monads. In fact, comonadsare even better asthey explicate more of the struc-
ture presentin dataflav computationghanthe laxer Freyd cateyories. Comonads
in generalshouldbe suitableto describecomputationghat dependon animplicit
context. Strean functionsasabstraction®f transformersf discrete-timesignals
turnoutto beaperfectexampleof suchcomputationsthevalueof theresultstream
in a positionof interest(the presentof the resultsignal) may dependnot only on
thevaluein theagumentstreamin the sameposition(the presenbf the agument
signal),but alsoon othervaluesin it (its pastor future or both). We shoved that
generalcausabndanticausastreanfunctionsaredescribedy comonadandthat
explicit useof the appropriatecomonadmodularizesoth stream-basegdrograms
writtenin afunctionallanguageandprocessorsf stream-basethnguages.

In this paperwe demonstratéhatattribute evaluationfrom attribute grammars
admitsa similar comonadicanalysis. In attribute grammargKnu68], the value
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of an attribute at a given nodein a syntaxtreeis definedby the valuesof other
attributesat this and othernodes. Also, an attribute definition only makes sense
relative to a suitablenodein a tree, but nodesare never referencedexplicitly in
suchdefinitions: context accesshappenssolely via operationsfor relative navi-
gation. This hints that attribute grammarsexhibit a form of dependenc®n an
implicit context which is quite similar to that presentin dataflav programming.
We establishthat this form of contt-dependencé comonadicand discussthe
implications. In particular, we obtaina new, modularway to organize attribute
evaluationprogramswhichis radicallydifferentfrom theapproachethatonly use
theinitial-algebraicstructureof treetypes.We arenot awareof earliercomonadic
or arrov-basedaccountf attribute evaluation.

The paperis organizedas follows. In Sec.2, we overvien our comonadic
approacho dataflav computatiorandprocessingf dataflav languagesln Sec.3,
we demonstratehat the attribute evaluation paradigmcan also be analyzedco-
monadically Sec.4 is a very brief review of the relatedwork whereasSec.5
summarizesMostof thedevelopmenis acarriedoutin theprogrammindanguage
Haslell, directly demonstratinghatthe approachs implementable.

Disclaimer:Thisversionof thepaperis anextendedabstracandonly describes
the most centralconstructionof our work, leaving out quite a few explanations
and examplesaswell aslarge portionsof the moretechnicalmaterial(including
comonadigrocessingf attribute grammars).

2 COMONADSAND DATAFLOW COMPUTATION

We beagin by mentioningthe basicsaboutcomonadgo thenquickly continuewith
adenseaeview of comonadidataflav computatiofUV05a, UV05b].

Comonadsare the formal dual of monads,so a comonadon a cateyory C is
given by a mappingD : |C| — |C| togetherwith a |C|-indexed family € of maps
ea : DA — A (counif), andanoperation—' takingevery mapk : DA — Bin Ctoa
mapk' : DA — DB (coextensionoperation) suchthat

1. forany k: DA — B, ggok’ =k,
2. SAT:idDA,
3. forarnyk: DA — B, /:DB—C, (£ok")T=/¢Tok.

Any comonadD, e — ) definesacateyory (p where|(p| = | C| and(p (A, B) =
C(DA,B), (idp)a = €a, Lopk = £ ok (coKleislicategory) andan identity on objects
functord : C — (p wheredf = foepfor f : A— B.

CoKleisli categoriesmake comonadselevantfor analyzingnotionsof context-
dependentunction. If theobjectDA is viewed asthetype of contetually situated
valuesof A, acontet-dependenfunctionfrom Ato B isamapDA — B in thebase
catgyory, i.e.,amapfrom A to B in thecoKleisli cateyory. Thecounites : DA — A
discardghecontet of itsinputwhereashecoextensiork' : DA — DB of afunction
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k: DA — B essentiallyduplicatest (to feedit to k andstill have a copy left). The
functionJf : DA — B is atrivially context-dependentrersionof a purefunction
f:A— B.

In Haslell, we candefinecomonadssatype constructorclass.

cl ass Conmobnad d where
counit :: da->a
cobind :: (da->b) ->da->db

Someexamplesarethefollowing:
e DA = A, theidentity comonad,
e DA=AXxE, theproductcomonad,

e DA =StrA=VvX.Ax X, thestreamsomonadv denotingthegreatesfixed-
point operator)

The streamcomonadsStr is definedasfollows:

data Streama = a :< Stream a -- coi nductive

i nstance Conpnad Stream where
counit (a :< ) = a
cobind k d@_ :< as) = k d :< cobind k as

This comonadis the simplestone relevant for dataflav computation. Intu-
itively, it is the comonadof future. In a value of type StrA = A x StrA, thefirst
componenbf type A is the mainvalueof interestwhile the secondcomponenbf
type StrA is its contet. In our application,thefirst is the presentandthe second
is the future of an A-signal. The coKleisli arravs Str A — B representhosefunc-
tions Str A — StrB thatareanticausain the senseonly the presentandfuture of
aninput signalcaninfluencethe presenof the outputsignal. Theinterpretatiorof
theserepresentationas streamfunctionsis directly provided by the coextension
operation:

class SF d where
run :: (da->hb) -> Streama -> Streamb

i nstance SF Stream where
run k = cobind k

A veryimportantanticausafunctionis unit anticipation(cf. the’next’ operator
of dataflav languages):

class Antic d where
next :: d a->a

i nstance Antic Stream where
next (_:<(a :<_)) =&
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To beableto represengeneraktreanfunctions wherethepresenof theoutput
candependalsoon the pastof theinput, we mustemploy adifferentcomonad_S.
It is definedby LSA = List A x StrA whereListA = pX.1+ X x A is the type of
(snoc-)listsover A (1 denotingthe leastfixedpointoperator). The ideais thata
valueof LSA = List A x (A x StrA) canrecordthe past, presentand future of a
signal. (Notice that while the future of a signalis a stream,the pastis a list: it
mustbefinite.) Notethat, alternatvely, we could have definedLS A = Str A x Nat
(avaluein acontext is the entire history of a signaltogethemwith a distinguished
time instant). This comonads Haslell-definedasfollows.

data List a = NI | List a:> a -- inductive
data LS a = List a :=|] Streama

i nstance Conmpnad LS where

counit (_ :=| (a:<_)) = a
cobind k d = cobindL k d :=| cobindS k d
where cobindL k (Nl =] _ ) = Nl
cobindL k (az :> a :=| as) = cobindL k d :> k d
where d° = az :=| (a :< as)
cobindS k d@az :=| (a :< as)) =k d :< cobindS k o
where d = az :> a :=| as

Theinterpretationof coKleisli arrons asstreamfunctionsandthe representa-
tion of unit anticipationaredefinedasfollows:

i nstance SF LS where
run k as = bs where (Nil :=| bs) = cobind k (NI :=| as)

i nstance Antic LS where
next (_:=| (_:<(a :<))) =4

With the LS comonadt is possibleto represenalsothe importantparameter
ized causafunctionof initialized unit delay(the ‘follo wed-by’ operator):

class Delay d where
fby :: a->da->a

i nstance Delay LS where
a0 ‘fby" (N =] ) = a0
‘“fhy' (_:>a :=| ) =&

Relevantlyfor “physically” motivateddataflav language$wherecomputations
inputor outputphysicaldataflavs), it is alsopossibleto characterizeausaktream
functionsasa coKleisli category. Thecomonad.V is definedby LV A = ListA x A,
whichis obtainedrom LS A= ListA x (A x Str A) by removing thefactorof future.
This comonads Haslell-implementedasfollows.
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data LV a = List a := a

i nstance Conmpnad LV where

counit (_ :=a) = a
cobind k dd@az := ) = cobindL k az := k d
where cobindL k N | = N |
cobindL k (az :> a) = cobindL k az :> k (az := a)
i nstance SF LV where
run k as = run’ k (Nl :=| as)
where run’ k (az :=| (a :< as))
=k (az :=a) :<run k (az :> a :=| as)

i nstance Delay LV where
a0 ‘fby' (N
“fhy' ((_ :> a")

a0
a’

2
2

Variousstreamfunctionsare beautifully definedin termsof comonadopera-
tions and the additional operationsof anticipationand delay Somesimple ex-
amplesarethe Fibonaccisequencesummatiorandaveragingover theimmediate
past,presenandimmediatefuture:

fib :: (Conpbnad d, Delay d) =>d () -> Integer
fibd=20 ‘fby" cobind (\ e ->fibe + (1 ‘fby' cobind fib e)) d

sum:: (Cononad d, Delay d) => d Integer -> |nteger
sumd = (0 ‘fby* cobind sumd) + counit d

avg :: (Conobnad d, Antic d, Delay d) => d Integer -> |nteger
avg d = ((0 “fby' d) + counit d + next d) ‘div’ 3

In adataflav languagewe would write thesedefinitionslik e this.

fib = O0fby (fib+ (1fby fib))
sumx = (0fby sumx)+x
avgx = ((0fby x)+x+nextx)/3

In [UVO5b], we alsodiscussedomonadicprocessor®f dataflav languages,
in particularthe meaningof higherorderdataflav computation(the interpretation
of lambda-abstractionjor spacereasonsye cannotreview this materialhere.

3 COMONADICATTRIBUTE EVALUATION

We arenow readyto sketchour comonadicapproacho attribute evaluation. At-
tribute evaluationis similar to stream-basedomputatiorin thesensehatthethere
is afixed(spineof a) datastructuren which computationg@redone.We will build
onthis similarity.
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An attribute grammaris a constructionon top of a context-free grammar To
keepthe presentatiorsimpleandto circumwentthe insufficient expressienessof
Haslell's type system(onewould lik e to useinductive familiesor at leastthe gen-
eralizedalgebraiadatatype®f GHC[PJWWO04]),we proceedrom afixedcontext-
freegrammamwith a singlenon-terminalSwith two associategroductionrules

S — E
S — SS

whereE is a pseudo-non-terminatandingfor somesetof terminals. The type of
attributedgrammaticalS-treesis TreeEA = pX. Ax (E4+ X x X) 2 Ax SubsEA
whereA is the type of the S-attributes(aggreatedinto records)and SubsEA =
E + TreeEA x TreeEA. In Haslell, we candefine:

data Tree e a = a :< Subs e a

type Subs e a = Trunk e (Tree e a)

data Trunk e x = Leaf e | Bin x x

An attribute grammarextendsthe underlying context-free grammarwith at-
tributesand semanticequations.Theseare attachedo the non-terminalsandthe
productionrules of the contect-free grammar Attribute grammarsare classified
into purely synthesizedttribute grammarsandgeneralattribute grammargwhere
thereare alsoinheritedattributes). In the caseof a purely synthesizedttribute
grammay the local value of the definedattribute of an equationcanonly depend
on thelocal andchildren-nodevaluesof the definingattributes. This is similar to
anticausaktream-computationlhe relevantcomonads Tree, theideabeingthat
thesecondcomponenbf avaluein Tree E A= A x SubsE A canrecordthe course
of anattribute below a currentnode. The comonadstructureis Haslell-definedas
follows, completelyanalogousliyto the comonadstructureon Str.

i nstance Cononad (Tree e) where
counit (a :< _) = a
cobind k d@_ :< as) = k d :< case as of
Leaf e -> Leaf e
Bin asL asR -> Bin (cobind k asL) (cobind k asR)

class TF e d where
run :: (d e a->b) ->Treee a->Treeeb

The coKleisli arravs of the comonadare interpretedastree functionsby the
coextensionoperationasin the caseof Str. Looking up the attribute valuesat the
childrenof anode(whichis neededo definethelocal synthesizedttributevalues)
canbedonevia anoperationsimilarto ‘next’.
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i nstance TF e Tree where
run = cobind

class Synth e d where
children :: d e a -> Trunk e a

i nstance Synth e Tree where
children (_ :< as) = case as of
Leaf e -> Leaf e
Bin (aL :< ) (aR:< ) -> Bin aL aR

To be ableto defineattribute evaluationfor grammarghatalsohave inherited
attributes(so the local value of an attribute can be definedthroughthe valuesof
otherattributesat the parentor sibling nodes),one needsa notion of contet that
canstorealsostorethe upperand-surroundingourseof anattribute. Thisis pro-
vided by Huet’s genericzipperdatastructurgHue97], instantiated of course for
our tree type constructar The courseof an attribute abose and arounda given
nodelivesin thetypeCxt EA=pX. 1+ X x (Ax TreeEA+ AXx TreeEA) of snoc-
lists collectingthe valuesof the attribute at the nodeson the path up to the root
andin the side subtreesrooted by thesenodes. A zipper recordsboth the lo-
cal valueandlower andupperand-surroundingoursef an attribute: we define
CxtTreeEA= CxtEA X TreeEA = CxtEA x (A x SubsEA). (Noticethatthisis
analogougo thetypeconstructolLS, whichis thezippertypefor streams.)

data Cxt e a = Nl | Ct e a:> Ether (a, Tree e a)
(a, Tree e a)
data CxtTree e a = Cxt e a :=| Tree e a

This doesnot seento have beenmentionedn theliterature,but thetype con-
structorCxtTree E is acomonadjustasLsS is; in fact,the sames trueof all zipper
type constructors)And this is the comonadhatstructureggenerakttribute evalu-
ation,similarly to LS in the caseof generaktream-basedomputation.

i nstance Conobnad (CxtTree e) where

counit (_ :=] (a:< 1)) =a
cobind k d = cobindC k d :=| cobindT k d
where cobindC k (Nl :=] _) = Nl
cobindC k (az :> Left (a, asR) :=| aslL) =
cobindC k d’ :> Left (k d,
cobindT k (az :> Right (a, asL) :=| asR))
where d = az :=| (a :< Bin asL asR)
cobindC k (az :> Right (a, asL) :=|] asR) =
cobindC k d :> Right (k d,
cobi ndT k (az :> Left (a, asR) :=| asl))
where d° = az :=| (a :< Bin asL asR)
cobindT k d@az :=| (a :< as)) =

k d :< case as of
Leaf e -> Leaf e
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Bin asL asR -> Bin
(cobindT k (az :> Left (a, asR) :=| aslL))
(cobindT k (az :> Right (a, asL) :=| asR))

The interpretationof coKleisli arrons astreefunctionsandthe operationfor
obtainingthe valuesof an attribute at the childrenareimplementecessentiallyas
for TreeE.

i nstance TF e Cxt Tree where

run kK as = bs where Nil :=| bs = cobind k (Nil :=| as)
i nstance Synth e CxtTree where
children (_ :=|] (_ :< as)) = case as of
Leaf e -> Leaf e

Bin (aL :< ) (aR:< ) -> Bin aL aR

But differentlyfrom Tree E, thecomonadCxt Tree E malkesit possibleto alsoquery
the parentandthesibling of the currentnode(or to seethatit is theroot).

class Inh e d where

parSibl :: d e a -> Maybe (Either (a, a) (a, a))
i nstance Inh e CxtTree where

par Si bl (Nl =] _) = Nothing

parSibl (_ :>b :=] ) = Just $ case b of

Left (a, a :< ) -> Left (a, a')
Right (a, a :< ) -> Right (a, a)

Below areafew examplesof attributegrammaimplementationgn thecomon-
adicstyle: checkingif atreeis AVL andpreordemumberingof thenodesof atree:

avl :: (Cononad (d e), Synth e d) =>d e () -> Bool
avl d = case children (cobind avl d) of
Leaf e -> True

Bin bL bR -> bL &% bR && | ocavl d

locavl :: (Conmpnad (d e), Synth e d) =>d e () -> Bool
locavl d = case children (cobind height d) of
Leaf e -> True

Bin hL hR -> abs (hL - hR) <= 1

height :: (Conmpnad (d e), Synth e d) =>d e () -> Int
hei ght d = case children (cobind height d) of

Leaf e -> 0

Bin hL hR -> max hL hR + 1

numn :: (Conmonad (d e), Synth e d, Inh ed) =>d e () -> Int

numn d = case parSibl (cobind (pair numn nunmout) d) of
Nothing -> 0
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Just (Left ((ni, ), 1)) ->ni +1
Just (Right (_, (_, noL))) ->noL + 1

numout :: (Compnad (d e), Synth e d, Inhed) =>de () ->Int
nunmout d = case children (cobind nunmout d) of

Leaf e -> nunmin d

Bin _ noR -> noR

Thecorrespondingttribute grammarsare

S — E
 — P
Savl = tt
Lavl = S.avirnP.aviaSLlocavl
S.locavl = tt
SPlocavi = | .height— R.height <1
S.height = 0
SPheight = max S .height L. height + 1
S.numin = 0
L.onumin ¢ = L.numint-1
L.numin =  S.numout1
S.numout = S.numin
L.numout =  P.numout

(the superscriptg, b andsubscriptd., R area notationaldevice to tell apartthe
differentoccurrencesf thenon-terminalSin the productions.)
Fromtheseexamplesit is not hardto work out a processoof attribute gram-
marson our fixed contet-free grammar We leave both this aswell asa further
discussiorof thecomonadianethodandfurtherexamplesfor thefull paper

4 RELATED WORK

The usesof coKleisli catggoriesof comonadgo describenotionsof computation
have beenrelatvely few. The ideahasbeenput forward several times, e.g., by
BrookesandGeva [BG92] andby Kieburtz [Kie99], but never caughton because
of alack of compellingexamples.The exampleof dataflav computatiorseemgo
appeaffirstin our papergUV05a, UVO5D].

TheFreyd cateyories/ arrow typesof PaverandRobinsofPR97]andHughes
[Hug00] have beenconsiderablymore popular see.e.g.,[Pat03,Hug05] for over-
views. Themainapplicationis reactve functionalprogramming.

Attribute grammardave usuallybeenanalyzedproceedingrom theinitial al-
gebrastructureof treetypes. The centralobsenationis thatan attribute evaluator
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is ultimately a fold (if the grammaris purely synthesizedpr an applicationof a
higherorderfold (if it alsohasinheritedattributes)[CM79, May81]; this defini-
tion of attribute evaluationis straightforvardly implementedn a lazy functional
languaggJoh87]. Gibbons[Gib93] hasspecificallyanalyzedupward and down-
wardaccumulation®ntrees.

Zippers,arepresentationf treeswith a distinguishedosition,wereinvented
by Huet[Hue97]. Also relatedarecontaineitype constructorshathave beenstud-
ied by McBride andhis colleaguegMcB00, AAMGO5].

The relation betweenupward accumulationsand the comonadstructureon
treeswas describedby in our SFP’01paper[UV02]. We are not aware of ary
work relatingattribute evaluationto comonad®r arrow types.

5 CONCLUSIONSAND FUTURE WORK

We have shavn thatattribute evaluationbearsa greatdealof similarity to dataflav
computatiorin thatcomputatiorhappen®nafixeddatastructurandthattheresult
valuesaredefineduniformly throughouthe structurewith the help of a few navi-
gationoperationdo accesshecontects of theargumentvalues.As aconsequence,
our previousresultson comonadiadataflav computatiorandcomonadigprocess-
ing of dataflav languagesrenaturallytransportedo attribute evaluation.We are
very pleasedabouthow well comonadsxplicate the fundamentatcharacteristics
of attribute definitionsthatinitial algebradail to highlight.

In orderto properlyvalidatethe viability of our approachwe planto develop
a realisticcomonadicprocessowf attribute grammarscapableof interpretingat-
tribute extensionsof arbitrarycontect-freegrammars.
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