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Abstract

The Eilenberg-Kelly theorem states that a category C with an object | and two functors ® : C x C — C and —: C°? x C — C
related by an adjunction — ® B 4 B — — natural in B is monoidal iff it is closed and moreover the adjunction holds internally.
We dissect the proof of this theorem and observe that the necessity for a side condition on closedness arises because the standard
definition of closed category is left-skew in regards to associativity. We analyze Street’s observation that left-skew monoidality
is equivalent to left-skew closedness and establish that monoidality is equivalent to closedness unconditionally under an adjusted
definition of closedness that requires normal associativity. We also work out a definition of right-skew closedness equivalent to
right-skew monoidality. We give examples of each type of structure; in particular, we look at the Kleisli category of a left-strong
monad on a left-skew closed category and the Kleisli category of a lax closed monad on a right-skew closed category. We also view
skew and normal monoidal and closed categories as special cases of skew and normal promonoidal categories and take a brief look
at left-skew prounital-closed categories.

Keywords: skew and normal monoidal, closed, monoidal closed and bi-closed categories, Eilenberg-Kelly theorem, promonoidal
categories, Kleisli construction

1 Introduction

The closed categories of Eilenberg and Kelly [13] are categories with a unit object | and an internal function
space A — B between objects A and B. Examples include various categories of structured sets, such as normal
bands and posets, where A — B is the set of normal band morphisms (resp. monotone functions) between
A and B and its normal band (resp. poset) structure is obtained from that of B by pointwise lifting. The
singleton set with the trivial structure plays the role of the unit | in this case. Categories underlying various
deductive systems, such as simply-typed A-calculus, form another class of examples. The internal function space
A — B is the type of functions between A and B, while the external function space consists of well-typed
terms = : AF t: B with one free variable. In this case, the object | is the unit type.

In a large number of examples, the closed structure (I, —o) arises from an adjunction with the tensor product
in a monoidal category (C,|,®) [2,23], but the original definition of closed category of Eilenberg and Kelly
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does not require the presence of a monoidal structure in the category. However, it is true that, in case the
category C comes equipped with a unit | and two functors ® : C x C — C and —o: C°? x C — C related by
an adjunction — ® B 4 B — — natural in B, then (C,|,®) is monoidal if and only if (C, I, —o) is closed and
moreover the adjunction holds internally. This reveals that closedness of C is for some reason weaker than
monoidality. On a closer look, the internal adjunction requirement is necessary for the associator o to be an
isomorphism, as demanded in the definition of monoidal category, a condition which is not matched up by
anything in the definition of closed category.

For properly understanding the reason behind this imbalance in the connection between monoidal and
closed structures, it is helpful to start considering weak variants of monoidal and closed categories: the left-
skew monoidal categories of Szlachanyi [30] and the left-skew closed categories of Street [29].

Left-skew monoidal categories are a weakening of monoidal categories where the unitors and associators
are not required to be isomorphisms but merely transformations in a particular direction. Skew monoidal
categories arise naturally in many settings, for example in the study of relative monads [1] and of quantum
categories [17], and have been thoroughly investigated by Street, Lack and colleagues [18,7,4,5]. In previous
work, we contributed to the study of coherence for left-skew monoidal categories, first taking a rewriting
approach [31] and later using proof-theoretic techniques [35,32].

Left-skew closed categories are analogous weak variants of closed categories. Street [29] proved a variant
of the Eilenberg-Kelly theorem, stating that, given an adjunction — ® B 4 B — — natural in B, (C,|,®) is
left-skew monoidal if and only if (C, |, —o) is left-skew closed. Crucially, the internal adjunction requirement
from the original Eilenberg-Kelly result is no longer present.

In this paper, we continue on the line of work initiated by Street.

Left-skew monoidal categories differ from normal monoidal categories in that the two unitors and the
associator are not invertible. When one or more of the structural laws is invertible, the resulting category is
“more normal”, in the sense that its monoidal structure is less skew and it looks more like a usual monoidal
category. Similar degrees of normality sit in between left-skew closed and properly closed categories as well.
We prove a refined version of Street’s left-skew variant of Eilenberg-Kelly theorem: not only there exists an
isomorphism between left-skew monoidal (I, ®) and left-skew closed (I, —) structures on C in the presence of
an adjunction —® B <4 B —o —, but each normality condition on (I, ®) corresponds to a normality condition on
(I, —o). This allows us to extrapolate a requirement on the closed structure corresponding to the invertibility
of the associator «, which is equivalent to the existence of the internal adjunction but it is entirely expressible
using the closed structure and can be formulated also when the category C is lacking a monoidal structure. This
associative-normality condition for left-skew closed categories was first discovered by Day and Laplaza [10,12],
but it has gone unnoticed in later literature.

Normality for left-skew closed categories corresponds to the invertibility of its structural laws. By dropping
these laws while keeping their inverses (so the new laws point in the opposite direction compared to the original
ones), we obtain the new notion of right-skew closed category. We prove a right-skew variant of Street’s theorem
connecting adjoint right-skew monoidal and right-skew closed structures on a category, and similar relationships
between their normality conditions. More interestingly, we observe that left-skew closed (I, —ob) and right-skew
closed (I, —R) structures on a category C are in a bijective correspondence in case C is equipped with an
isomorphism o4 p.c : C(A, B—R C) — C(B, A —' C) natural in A,B and C. We call the latter requirement
the (external) Lambek condition since it resembles a characteristic feature of Lambek’s syntactic calculus [19].

Throughout the paper we discuss a large number of examples, in particular for motivating the different
normality conditions and the new notion of right-skew closed category. We show that the Kleisli category of
a left-strong monad on a left-skew closed category inherits the left-skew closed structure. We also see how
the right-skew closed structure on a category C can be lifted to the Kleisli category of a lax closed monad
on C. We discuss possible ways of skewing a skew closed structure further: using a lax closed comonad, we
can skew a left-closed structure further to the left (an example also discussed by Street [29]) while using an
oplax closed monad, we can skew a right-closed structure further to the right. Another example of a left-skew
closed category, in fact a presentation of the free left-skew closed category on a set of generators, is given by
the non-commutative linear typed A-calculus with the unit type.

Building on an old observation by Day [10], Street noticed that both left-skew monoidal and left-skew
closed categories arise as specific instances of the general notion of left-skew promonoidal category [29], in
which the unit | and functor — are respectively replaced by a functor J : C — Set and a distributor P :
C°P x C°? x C — Set. By choosing P(A, B;C) = C(A, B — (') but dropping the representability condition on
J, one obtains another natural variation of left-skew closed category, a left-skew version of Shulman’s prounital-
closed categories [27, Rev. 49]. A canonical example of such a category results from the non-commutative linear
typed A-calculus without the unit type.
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2 Left-Skew Monoidal and Closed Categories

Szlachdnyi’s [30] left-skew monoidal categories are a variation of monoidal categories.

Definition 2.1 A left-skew monoidal category is a category C together with a distinguished object |, a functor
® : C x C — C and three natural transformations X, p, a typed

MM:l®A— A patA— AR OzA’B,C:(A®B)®C—>A®(B®C)

satisfying the equations

(m1) /I/(@I\ (m2) (AeheB—2"2 Ag(B) (m3) (18 A)® B—22> 1% (A® B)
VAN m@BT iA@AB LN c
Ja— A@B=———AB A&;@B/A@B

QA,B®C,D

(m4) (A® B) @1 —224 A9 (BoI) (m5) (A®(B®C)®D A® ((B®C)® D)

D A

XAR®B,C,D XA, B,CQD

A®B (A®B)®(C)®@D—(A®B)®(C®D)—==A® (B® (C® D))

Notice that (m1)—(m5) are directed versions of the original axioms of Mac Lane [23]. Later, Kelly [15] observed
that when «, p and A are natural isomorphisms, laws (ml), (m3), and (m4) can be derived from (m2) and
(mb), but for left-skew monoidal categories this is not the case.

Left-skew monoidal categories arise naturally in various different contexts [30,17,7,31]. Here we present a
selection of examples.

Example 2.2 The category Ptd of pointed sets and point-preserving functions has the following left-skew
monoidal structure.

Take | = (1,%) and (X,p) ® (Y,q) = (X + Y,inl p) (notice the “skew” in choosing the point). We define
Ax : (1L,*x) ® (X,p) = (14 X,inl x) — (X, p) by Ax (inl x) = p, Ax (inr ) = z (this is not injective). We
let px : (X,p) — (X + L,inl p) = (X,p) ® (1,%) by px « = inl z (this is not surjective). Finally, we let
axyz: (Xop)® (V) ® (Zr) = (X £ V) + Zinl (inl p) = (X + (¥ + Z).inl p) = (X,p) & ((Y,0) & (Z.7)
be the obvious isomorphism.

Example 2.3 Given a left-skew monoidal category (C,l,®) and a comonad D on C. Suppose D is lax
monoidal, i.e., comes with a map e : | — DI and a natural transformation m : DA® DB — D(A® B)

agreeing suitably with ), p, , &, §. Then the category C has also a left-skew monoidal structure (I, ) where
A®P B=A® D B. The unitors and associator are the following:

AP = 1@ DA g A—24 52 pR = A—L2 s Apl—22 - Ae D]
ok po = (AwDB)o DC 222 (414 DB) o D(DC)
QA DB,D(DC) A®(DB®D(DC)) A®mp pc

A®D(B®DC)

A similar left-skew monoidal category is obtained from an oplax monoidal monad (T,e,m) on C by taking
AT® B =T A® B. (Later, in Example 4.10, we will take A ®” B = A® T B to produce a new right-skew
monoidal structure on a given right-skew monoidal category (C, |, ®).)

Example 2.4 Given a left-skew monoidal category (C,l,®) and a monad T on C. Suppose that T is laz
monoidal, i.e., comes with a map e : | — T'| and a natural transformation map : TA®TB — T(A® B)
cohering with A, p, a, 0, p (in fact, agreement with n makes e redundant as it forces that e = 7). Then the

Kleisli category KI(T') has a left-skew monoidal structure (I, ®7) where A @ B = A ® B and
(f1A>TA)Y@  (9:B>THB)= A9 BL2T A4 o TB ™ 2T (A g B')
The unitors and associator are pure and taken directly from the base category: Ay = JAa, p = Jpa,

04174173,0 = Jaa,pc where J : C — KI(T) is the left adjoint of the Kleisli adjunction, JA = A, J(f : A —
B)=mnpof.
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Instead of lax monoidality, one may require T' to be both left-strong and right-strong, i.e., to come with
natural transformations msty g : AQT B — T (A®B) and mstELB :TA®B — T (A® B) cohering individually

with A resp. p and a, 1, u. These natural transformations must additionally agree with each other via a (the
bi-strength equation) and via p (the commutativity equation):

A®B el mstT A, B

(AT B) 22287 (40 B) o C 222 (A0 B) @ C) TA®TB ’ T(TA® B)
¢Tmst'}413
aA,TB,C Taa,B,c msth 1 p TT(A® B)
A WLA@B
®mstB AB@C HAR®RB
A®(TB®C)HA®T(B®C)*>T(A®(B®C)) (A®TB)*>TT(A®B)*>T(A®B)

The pairs (mst, mst®) of a left-strength and a right-strength of 7' agreeing with each other in this way are in a
bijective correspondence with the lax monoidality witnesses m. Without commutativity, (K1(T),1,®*) is not

left-skew monoidal, in fact, ®” is not even a bifunctor; we only get a structure that could be called left-skew
premonoidal by extending the terminology of Power and Robinson [26].

Example 2.5 Consider two categories J and C with a functor J : J — C, and assume that the left Kan
extension Lany F' : C — C exists for every F : J — C. Then the functor category [J, C] has a skew monoidal
structure given by | = J, F® G = F -/ G = Lan;F - G. The unitors and associator are the canonical natural
transformations Ap : Lany J-F — F, pp : F — Lan; F-J, ap g p : Lany (Lany F-G)-H — Lany F-Lan; G-H.
This example is from the relative monads work of Altenkirch et al. [1]. Relative monads on J are monoids in
the left-skew monoidal category [J, C].

Left-skew closed categories were introduced by Street [29] as a variation of the closed categories of Eilen-
berg and Kelly [13]. Zeilberger considered a posetal variant of left-skew closed categories, which he called
imploids [34].

Definition 2.6 A left-skew closed category is a category C together with a distinguished object |, a functor
—0: C%® x C — C, and three natural transformations j, i, and L* typed

Aa:l—>A—oA iga:l—o0A—=A Lypc:B—-oC—(A—B)—(A—C)

satisfying the laws

(c1) 11 O IAAG (4 A) e (A ) (¢3) B — B—2EE (4 o B) — (A — B)
N PORTE D
I I Ao C=4=C | _4(A—0) I
(c4) BHDC—>|%>B —~(l—C) (cb) C—-D Faco (A—C)—o(A—D)
234& /“”C i/LAwB,A%C,A%D
(1 = B) Lp.c.D (A~ B) — (A~ C)) — (A — B) — (A — D))

La, g c—((A—B)—(A—oD))

(B—C)—La,B,D
(B—C)—=(B—oD)————>(B—=C)—((A—-B)—~(A—-D))

Given a category C with |, —o, the natural transformations j and L are interdefinable with natural trans-
formations

Jap:C(A B) — C(l,A — B)
Lapep: [N CA X — D) x C(B,C — X) = C(4,B — (C — D))

4 In fact, j and L are “extranatural” transformations in the terminology of Eilenberg and Kelly: the codomains of j4 and Lag,c

depend on A both covariantly and contravariantly. Following Street [29], we omit the “extra” adjective and refer to these simply
as natural transformations.
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where the integral notation denotes a coend. This is because of the following sequences of bijections: ®

[P C(A,E — D) x C(B,C — E) "B (A, B — (C — D))
C(A,E — D) x C(B,C — E) — C(A, B — (C — D))
C(A,E — D) = [5C(B,C — E) = C(A,B — (C — D)))
C(A, B) Tagp C(l,A — B) C(A,E — D) = C(A,(C — E) — (C — D))

; L
I’2B B E—D 5P

C — E) — (C — D)

Explicitly, ja,5 f = A — fojaand Lapcp (E, f,9) =g — (C —D)oLcgpo f.

Examples of left-skew closed categories are not as common in the literature as left skew-monoidal categories.
Nevertheless, they arise also quite naturally, as demonstrated by the following examples. The first example is
from Street [29, Proposition 3].

Example 2.7 Given a left-skew closed category (C,l,—) and a comonad D on it. Suppose D is laz closed,
i.e., comes with a map e : | — DI and a natural transformation cg ¢ : D (B — C) — D B — D C cohering

as appropriate with j, i, L, ¢, 6. Then the category C also has a left-skew closed structure (I,”—o) where
BP—(C =DB — C. The laws of a left-skew closed category are defined by

Dj = l—4 o4 04224 DA oA Dig=Dl A4 042 o4
DLapc = DB—oC—22222C (DA _oDB) o (DA—C)
(5A40DB)40(DA*OC%D (DA) —o DB) —o (DA —o C) Cpa,B—

(DA—C) D

Example 2.8 Given a left-skew closed category (C, |, —) and a monad T on it. Suppose that T is left-strong
(or internally functorial), i.e., endowed with a natural transformation csty g : B — C'— T'B — T C cohering
appropriately with 7, L, n, u.

The monad T being internally functorial is the same as it being internally Kleisli, i.e., equipped with a
natural transformation iextg ¢ : B — T'C' — T'B —o T C satisfying internal versions (in terms of j, L, 1, u)
of the equations of a Kleisli extension system a la Manes [25] (a.k.a. a monad in the no-iteration form): the
left-strengths cst and the internal Kleisli extensions iext of T are in a bijective correspondence.

Then KI(T) has a left-skew closed structure (I, —T) where B —T C = B — T C and

iextp, ¢ g—Th

(g:B 5TB) =T (h:C5TC)=J(B—-TC2%TB o1 p sr7C' 2= B o1Cr)

Its structural laws are defined by

LG e =J(B—oTC-28 TR T O AEIC (4 T B) — (A — TC)
(A—TB)—onarg (A—TB)—-T(A—-TC))

Notably, all of g —T h, j%, LQB’C are pure maps (whereby the map g —o7 h is pure even if g and h are not),
i.e., in the image of the left adjoint J : C — KI1(T') of the Kleisli adjunction. Only the map i% is impure.

Example 2.9 Another example of left-skew closed category is given by non-commutative linear typed -
calculus with the unit type. Types are generated by the grammar A, B ::= X | | | A — B, where X is an
atomic type. Contexts are lists of types. Well-formed terms are constructed as follows:

FHt:l Abu:A Mz:AFt: B 'Ft:A—oB Abu:A
r:AkFz: A o T,Abletx=tinu:A 'Xz.t:A—oB I'Artu:B

5 All lines in the sequences of bijections here in the rest of the paper stand for families of maps natural in all free object variables.

5
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Definitional equality of terms is given by Sn-equality (a non-commutative variant of the term equality of Hyland
and de Paiva [14]). The natural transformations j, ¢ and L are derivable as follows:

z:lkFx:l y:AFy: A
z:ly:Abletx=ziny: A z:l—oAFz:l—oA Fx:l
z:lkja=Ay. letx=zxziny: A— A z:l—oAFig=zx: A

y:A—oBrFy:A—oB z:AFz:A
z:B—-oCkFz:B—-C y:A—oB,z:A+yz:B
z:B—-oC,y:A—oB,z: Az (yz):C
2:B—CFLapc=M.Xz.x(yz):(A—oB)—o(A—-C)

The non-commutative linear typed A-calculus with unit type over a set of atomic types At is a concrete
presentation of the free left-skew closed category generated by At.

The following theorem is from Street [29] (modulo the observation about the internal right transpose, which
was not explicit).

Theorem 2.10 Let C be a category with an object | and functors @ : C x C — C and —o: C°? x C — C, with
an adjunction — ® B 4 B — — natural in B.

Then (C,1,®) is left-skew monoidal if and only if (C,1,—o) is left-skew closed. More precisely, there is a
bijection between the (A, p, ) left-skew monoidal and the (j,i,L) left-skew closed structures on (C,|,®) resp.
(C,1,—0).

Moreover, both o and L are also interdefinable with a natural transformation
papc:(A®B)—-C—A—(B—C)

(an internal version of the right transpose ma p.c : C(A® B,C) — C(A,B — (C)).

The bijection of structures is actually finer. First, there are three independent bijections between the A and
Jj data, the p and ¢ data and the o and L data (as well as p). Second, the equations (m1-m5) and (c1-¢5) also
entail each other pairwise. So the overall bijection is there even between partial structures.

Proof. The requisite bijections between the above pairs of data follow from the the sequences of bijections
below. These hold both for natural transformations in the forward direction only (relevant here), for natural
transformations in both directions, in particular natural isomorphisms (relevant for Theorems 3.8, 4.11 below)
and also for natural transformations in the backward direction only (relevant for Theorem 4.8).

pPA
AZ ARI
Aa
I A= A C(A®1,B) = C(A,B)
C(A,B) = C(l® A, B) C(A,l — B) = C(A, B)
jA,B i
C(A,B) = C(l,A— B) I—-B=B
@A B,C
(A@B)@C = A®(BaC)
C(A2(B2C),D)=C((A® B)®C,D)
PB,C,D
C(A,(B®C) — D) =2C(A,B — (C — D)) | (B®C)—D =2 B-—(C—-D)

[¥C(A, X = D)xC(B® C,X) = C(A, B — (C — D))

La,B,c,D

,B,C,
[¥C(A, X = D)xC(B,C —-X) = C(A B— (C — D))
The mutual entailments between the respective pairs of equations need separate verification; we are not
showing these calculations here. O

Definition 2.11 Under the assumptions of Theorem 2.10, if (C,l,®) is left-skew monoidal or, equivalently,
(C, 1, —o) is left-skew closed, the category (C, |, ®, —o) is said to be left-skew monoidal closed.

6
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Example 2.12 Given a left-skew monoidal closed category (C, |, ®, —o) and comonad D on it. The comonad D
is lax monoidal if and only if it is lax closed. Let AQ” B = A®D B and BP—C = D B — C as in Examples 2.3
and 2.7. The adjunction —® D B 4 D B — — immediately yields an adjunction — ®” B 4 B”— —. Hence, as
soon D is lax monoidal or, equivalently, lax closed, then (C, |, @, —o) is a left-skew monoidal closed category.

Example 2.13 Given a left-skew monoidal closed category (C,|, ®, —) and a monad T on it. The monad T
is lax monoidal if and only if it is lax closed: its lax monoidality witnesses m and lax closedness witnesses c are
in a bijection. Likewise, T is left-strong wrt. ® if and only if it is left-strong wrt. —o, i.e., internally functorial:
the left-strengths mst and cst are in a bijection. The same can be said about T being right-strong wrt. ® or
—o: the right-strengths mst® and cst® are in a bijection. Indeed, look at the sequences of bijections

R
A@TB" 4" T(A® B) TAeB " T(49 D)
C(A8B 0 SCABTBI0) C(A®B,C) 5> C(TA®B,TC)
CAB=C SCATE =10 C(A,B—-C) > C(TAB—-TO)
BoCoTB %°TC T(BwC)%BCStESCTC’

The corresponding pairs of equations are also interderivable.

Let AT B=A® B and B —7 C = B — T C as in Examples 2.4 and 2.8. As a consequence of the
above observations, (KI(T),l,®7T) is a left-skew monoidal category as soon as the monad 7T is lax monoidal
or, equivalently, lax closed. Also, (K1(T),l,—T) is left-skew monoidal as soon as T is left-strong wrt. ® or,
equivalently, left-strong wrt. — (which is weaker than lax monoidality/lax closedness of T').

In contrast, for (K1(T),l,®T, —T) to be left-skew monoidal closed, lax monoidality/lax closedness of T
does not suffice. This is because, in general, we have no adjunction

-oTB
—
KI(T) €L KI(T)

B—oT —
natural in B € K1(T'). We only have an adjunction

J—-®JB

C_+ KII)

B—oR—

natural in B € C where R : KI(T') — C is the right adjoint of the Kleisli adjunction defined by RA = T A,
R(f:A—=TB)=pugoTf.

3 Normality Conditions

Left-skew monoidal categories differ from monoidal categories in that the unitors and the associator are not
invertible. When one of the structural laws is invertible, the resulting category is said to be satisfying a
normality condition [17].

Definition 3.1 A left-skew monoidal category is said to be
(i) left-normal if the left unitor A is a natural isomorphism;
(#) right-normal if the right unitor p is a natural isomorphism;
(i4i) associative-normal (or Hopf) if the associator « is a natural isomorphism.

Monoidal categories can be defined as left-skew monoidal categories satisfying all three normality conditions.

Example 3.2 Given a left-skew monoidal category (C,l,®) and a comonad D on C that is monoidal, i.e.,
lax monoidal with e, m natural isomorphisms (in fact, just e being invertible suffices for our purpose). Let

A®P B = A® DB as in Example 2.3. Then the left-skew monoidal category (C, |, ®P) is right-normal if
(C,1,®) is right-normal with (p?)™' = p' o (A®e™!).

Left-skew closed categories also admit degrees of normality similar to the monoidal case. It does not make
sense though to require the invertibility of the structural laws j and L. We can specify the corresponding

normality conditions by asking for the invertibility of 7 and L instead.

7
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Definition 3.3 A left-skew closed category is called
(i) left-normal if 7 is a natural isomorphism;

(it) right-normal if i is a natural isomorphism;

(i) associative-normal if L is a natural isomorphism.

By the commonly adopted terminology of [13], a left-skew closed category is called closed if it is left-normal
and right normal. Associative-normality is not required in this definition. As a consequence, the Eilenberg-
Kelly theorem [13] (which we adjust in Theorem 3.8 below) is not perfectly balanced. We note that Day [10,
Example 3.2] did consider associative-normality, but this went unnoticed in the later literature.

Example 3.4 Given a left-skew closed category (C, |, —) and a comonad D on C that is closed, i.e., lax closed
with e, ¢ natural isomorphisms (just e being invertible suffices for our purposes). Let BP?—C = DB — C as
in Example 2.7. Then the left-skew closed category (C, I, P —o) is right-normal if (C, 1, —) is right-normal with
Dizl = (e7! — A) oiy'. Notice the parallel to Example 3.2.

Example 3.5 Given a left-skew closed category (C, |, —) and a monad T on C that is laz closed. This is the
same as T being left-strong and right-strong with the the left-strength cst and the right-strength cst® making
a bi-strength and commuting. Let B —T C'= B — T'C as in Example 2.8. Because T is left-strong, we have
that (K1(T), 1, —T) is left-skew closed. Now, if (C, |, —o) happens to be left-normal, i.e., if 7 is invertible, then
with the help of the right-strength cstR, we can define a natural transformation jRi,B KIT)(1,AT B) —
KI(T)(A, B) by

ﬂ,lTB g’
_—

s (1—=T(A—-TB))= 4 TB

R
csty rm

A—-TTB-22M_ A oTRB. For naturality of jRT, commuta-

tivity is needed. Now, by its type, j RT s a good candidate for the inverse of 37, but it is only a retraction.
It is generally the case that jRT (3T f)) = f but the section equation 77 (jRT g)) = g fails already for T' the

reader monad TA =S — A. So (C, I, —T) is not left-normal. Similarly, if (C, 1, —) is right-normal, i.e., has i

where ¢/ = |—2—>T (A — T B)

invertible, then a natural transformation iRi : A — | —T Ain KI(T) is readily defined by

-—1
i AZJ(AL>|—O %l—OTA)

RT is a section of i, but fails to be a retraction already for the reader monad. Hence, (C,I,—oT) is not
right-normal.
Finally, if (C, 1, —o) is associative-normal, i.e., has L invertible, then, using the right-strength cst®, we can

define a candidate for the inverse of L7 by
L®y pep (A>T (B =T (C —TD)))=(E,J(AL>E—~TD),J(B—>C — ES="C - TE))
cstR

where ' = A—" > T(B—T(C — T D)) 21=B o TT(C—TD)E=E=I2p T (C — T D)

B—ocsthD
[ et

B—(C—-TTD)2= 2 g (¢ oTD) and (B, A~ ~E -TD,B—2>C -E)=
E;&}B,C,TD . But LR” is not a section of L7.
Example 3.6 The left-skew monoidal category ([J,C],.J,-’) from Example 2.5 is right-normal if and only if

the functor J is fully-faithful. It is left-normal if and only if J is dense (i.e., the nerve of J is fully-faithful).
Its associative-normality condition is equivalent to a more involved condition on the functor J [1].

Example 3.7 The left-skew closed structure on the non-commutative linear typed A-calculus introduced in
Example 2.9 is left-normal. The inverse of 7 is derivable as follows:

y:lFt:A—oB z:AFz: A
Foxcl y:lz:A+txz: B
x:Al—j;,lBt:(tac)[*/y}:B

8
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This derivation uses substitution
T'Ft: A Ag,z: A MFu:C

Ao, T, Ay Fuft/z]: C

which is an admissible rule in this calculus—by induction on derivations we can prove that if the premises are
derivable, the conclusion is as well.

Inverses of i and L are not derivable. We can impose right-normality by replacing the elimination rule for
| in Example 2.9 with the following more permissive rule:

T'Ht:l Ag,A1kFu:A
Ap,TArFletx=tinu: A

With this rule in place we can derive the inverse of i:

y:lhy:l z:AFz: A
z:Ay:lkletx=yinz: A

x:AI—i;xl:/\y.Iet*:yinx:l—oA

Associative-normality can be imposed by extending the grammar for types with a tensor product ® and

well-formed terms:
THFt:A Ab+u:B 'tt:A®B Ag,z:A,y:B,A1Fu:C

I AF (t,u): A® B Ao, T, A1 Flet (z,y) =tinu: C

In this way we obtain an associative-normal (also left-normal) left-skew monoidal closed category. We do not
currently know how to impose associative-normality on the non-commutative linear typed A-calculus without
simultaneously enforcing left-normal and associative-normal monoidality as well.

In a left-skew monoidal closed category, each normality condition on the monoidal structure exactly cor-
responds to a normality condition on the closed structure. Notice that associative-normality of (C, |, —o), i.e.,

invertibility of E, is equivalent to inver/t\ibility of the internal right transpose p, but the latter is a condition not
in terms of —o and L (through which L is defined) but in terms of ®, — and « (through which p is defined).
Theorem 3.8 Let (C,1,®,—) be a left-skew monoidal closed category. Then

(i) (C,1,®) is left-normal iff (C,|,—o) is left-normal.

(ii) (C,l,®) is right-normal iff (C,1,—o) is right-normal.
(iii) (C,1,®) is associative-normal iff p is a natural isomorphism iff (C,1,—o) is associative-normal.

Proof. The sequences of bijections shown in the proof of Theorem 2.10 above hold not only for natural
transformations in the forward direction but also natural isomorphisms. O

4 Skewing to the Right
There is nothing indicating that it should not make sense to consider skewing normal monoidality and closedness
to the right instead of to the left. The definition of right-skew monoidal category is obvious.

Definition 4.1 A right-skew monoidal category is a category C together with a distinguished object |, a bi-
functor @ : C x C — C and three natural transformations pR, AR, of typed

PhiAdel—A M:A=1904 ofz0:A®(Be0C)— (A®B)®C

satisfying five laws analogous to (m1)—(m5) in Definition 2.1.
This category is called right-normal, left-normal resp. associative-normal if pR, AR, resp. oR is a natural
isomorphism.

Results analogous to Theorem 2.10 and 3.8 relate left-skew and right-skew monoidal structures on a given
category.

Theorem 4.2 Given a category C with an object | and two bifunctors @, @R together with a natural isomor-
phism yap : A®" B — B®R A. Then (C,1,®") is left-skew monoidal iff (C,1,®R) is right-skew monoidal;
more precisely, the (X, p,a) and (pR, AR, aR) structures on them are in a bijection.

9
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Definition 4.3 Under the assumptions of Theorem 4.2, if (C,1,®") is left-skew monoidal or, equivalently,
(C,1,®R) is right-skew monoidal, we say that (C,1,®%, @R) is skew bi-monoidal.
Theorem 4.4 Given a skew bi-monoidal category (C,1,@% @R). Then
(i) (C,1,®"Y) is left-normal iff (C,1,@R) is right-normal;
(i) (C,1,®"Y) is right-normal iff (C,1,®R) is left-normal;
(iii) (C,1,®"Y) is associative-normal iff (C,1,®R) is associative-normal.

As a specification of the correct concept of right-skew closed category, we can take that an analogue of
Street’s version of the Eilenberg-Kelly theorem must also hold in the right-skew case (Theorem 4.8 below).

Definition 4.5 A right-skew closed category is a category C together with a distinguished object |, a functor
—0: C% x C — C and three natural transformations i%, j&, LRS typed

Ry:A—=1—A R, 5:C(,A— B) = C(A,B)
LRapcp:CAB—C—D)— [YC(A X — D) x C(B,C — X)

satisfying the equations

LR
(cR1) C(l,1 — B) (cR2)  C(A,1 — C — D)—2122 (X (4, X — D) x C(I,C — X)
C(1,R i®
( y &B C(‘AJRC—OD)T i/fx C(A,X—D)xjRc x
C(l, B)=——=C(,B) C(A,C — D)<———— [* C(A, X — D) x C(C, X)
LR
(cR3)  C(A,B —1— D)—2212 (X (A, X — D) x C(B,1 — X)
C(A,BW-RD)T fo C(A,X —D)xC(B,iR x)
C(A,B — D)<———— [* C(A, X — D) x C(B, X)
LR
(cR4) C(I, B — C — D)—222 [X ¢(1, X — D) x C(B,C — X)
jRB,C—oD\L i/fx 3% x,pXC(B,C—X)
C(B,C — D)<=———— [X C(X, D) x C(B,C — X)
LR &
(cR5) C(A,B — C — D — E) ABCDE [XC(A, X — D — E) x C(B,C — X)
E,T l/fx LR A x,p,pXC(B,C—X)
Y C(Y,C =D — E)x C(A,B—Y) XY CAY = E) x C(X,D — Y)) x C(B,C — X)
JY LRy ¢ p £ XC(A,B—Y) Y €AY = E)x [YC(X,D —Y) x C(B,C — X)
TY (X Cy,X = E)x C(C,D — X)) x C(A, B = Y) JY C(A,Y = E) xC(B,C — D —Y)
%¢ l/fy C(AY—E)xLRg c py
T C(Y,X - E) x C(A, B — Y)) x C(C, D — X) [YC(A,Y = E) x [*C(B,X = Y)xC(C,D — X)
:\L X LR A B, x, B XC(C,D—X) -

[*C(A,B— X — E) x C(C,D — X) (Y C4,Y = E)x C(B,X = Y)) X C(C,D — X)
This category is called right-normal, left-normal resp. associative-normal if iR, jR resp. LR is a natural iso-
morphism.

6 One might well at first think that a good type for an equivalent version for the structural law L of a left-skew closed category
or for the structural law LR of a right-skew closed category could be A — B — (B — C) — (A —o C). But neither is true. The
closest that we can get to is the existence of a canonical natural transformation typed A —o B — (B —o- C') —oR (A —l C) in the
situation of Theorem 4.12. There we have two internal homs —ob, —oR; one is part of a left-skew, the other of a right-skew closed
structure on the same category. Cf. the question of Fritz and the discussion contribution of Kataoka on the ncatlab page [27].

10
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The equations (cR1)—(cR5) admit various interderivable versions. For example, (cR1) is interderivable with
J R,J iR, = idj. But similar interderivable versions of (cR2)—(cR5) are all clumsier because of the coends involved.
Here is a particular construction of right-skew closed categories. Thanks to the implication
[(B®p,p C,KEp p,c,Nlp,p,.c)] € [¥ C(B — (C— D),X — D) x C(B,C — X)
1= [¥C(B — (C — D), X — D) x C(B,C — X)

LR
C(A,B —C — D) *B9P (X4, X — D) x C(B,C — X)

the natural transformation LR can obtained from a functor X : (C° x C) x C x C — C (kind of a weak tensor)
and two natural (in fact, extranatural) transformations XE and Xl typed

lZED,B,C : B — (C —o D) — (B |X|D,D C) — D |X”D,B,C :B—C — (B ‘ZD,D C)

(the elimination and introduction rules for this weak tensor; notice that elimination is only available for motif D)

satisfying certain equations deriving (cR2-cR5). We note that fX C(B — (C — D),X — D)xC(B,C — X)
consists of triples of an object X and maps e : B —o (C'— D) — X —o D and i : B — C' — X identified up
to the least equivalence relation ~p p ¢ closed under the rule

E: XX e=(—-oD)oe (C—o&oi=1
(X7 €, Z) ~D,B,C (X/»elvi/)

Example 4.6 Given a right-skew closed category (C,l,—o) and a monad T on C that is oplaz closed, i.e.,
endowed with a map eR : T| — | and a natural transformation CEX,B,C :C(TA,TB —-C)— fX C(TX,C) x

C(A, B — X) cohering suitably with iR, jR LR 5, . Then the category C also has a right-skew closed structure
(1,T—) where BT— C' =T B —o C. The structural laws are defined by

R o iR B
TRy = A4 0 A4 T 04 TR, o= C(1,TA—B) =B (1,4 — B)—22 ~.C(4, B)

R
TIR, pop = C(A,TB — TC — D) ZAT2TCL (X (4 X —o D) x C(T B,TC —o X)
JXidXC(TB,px —X)

[¥C(A, X — D) x C(TB,TTC — X)

I* idXCRB,TC,X

[¥CA,X = D)x [V C(TY,X)x C(B,TC —Y)
— = (Y C(A,X = D) xC(TY,X)) x C(B,TC — Y)
— = > [YC(A,TY - D) xC(B,TC —Y)

Example 4.7 In Example 3.5, we assumed a closed category (C,|,—) with a lax closed monad (T, c) and
tried to establish that the left-skew closed category (KI(T),l,—oT) where B —T C' = B — T'C was normal.
This did not work out. We had candidates for the inverses of 37, iT, L7 that we built from 77, 1 using
the right-strength cstR of T, but none of them were both a section and a retraction.

The constructions of those candidates turn out to give us a right-skew closed structure on (K1(7), 1, —7)
if we build them from jR, iR LR when (C,1,—o) is a right-skew closed category with a monad T on it that is

lax closed (the left-strength cst is needed to define —" on maps, the right-strength cst® is needed to define
the structural laws, commutativity is needed to ensure that they are natural).

Now, because we arranged it so, results analogous to Theorems 2.10, 3.8 are obtained, with left-skewness
replaced with right-skewness.

Theorem 4.8 Let C be a category with an object | and functors @ : C x C — C and —o: C°? x C — C, with
an adjunction — ® B 4 B — — natural in B.

Then (C,1,®) is right-skew monoidal if and only if (C,1,—o) is right-skew closed. More precisely, there

is a bijection between the (pR, AR, aR) right-skew monoidal and the (iR, jR, LR) right-skew closed structures on
(C,1,®) resp. (C,1,—o).
Moreover, both aR and LR are interdefinable with a natural transformation

PReciA—(B—C)—=(A®B)—C
11
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(an internal version of the left transpose of the adjunction,).

Proof. The required bijections between pR and iR?; AR and jR and oR, LR and pR follow from the sequences of
bijections of natural transformations in the backward direction in the proof of Theorem 2.10.

For this, the bijections in that proof need to be read under the following translation: A= := AR, p=1 := pR,
ali=aR 771:=4R i1 =R L-1.=[R p~1:=pR

Verification of the mutual entailments between the respective equations needs to be done separately. But
of course the equations (cR1-cR5) were designed for this theorem to hold. O

The bijection in the proof of Theorem 4.8 interdefines (X, XE, XI) with pR by

B|Z|D—7D+C:B®C
BC—-BC

R
PB.c,D

=XEp B¢

B—(C—D) "B (BgC)—-D B"2F°Cc oBsC)

Definition 4.9 Under the assumptions of Theorem 4.8, if (C,1,®) is right-skew monoidal or, equivalently,
(C, 1, —o) is right-skew closed, we say that (C,1,®,—o) is right-skew monoidal closed.

Example 4.10 Given a right-skew monoidal closed category (C, |, ®,—) and a monad T on C. The monad T
is oplax monoidal if and only if it is oplax closed: there is a bijection between the oplax monoidality witnesses
mR and the oplax closedness witnesses cR of T"

R
mA. B

T(A®B) %° TA®TB
C(TA® TB,C) — C(T(A® B),C)
C(TA,TB — C) — [* C(TX,C) x C(A® B, X)

R
ca,

C(TA,TB — C) "B [¥C(TX,C) x C(A, B — X)

Suppose that 7' is oplax monoidal or, equivalently, oplax closed. Let A®T B=A®TB and BT — C =
T B — C as in Examples 2.3 and 4.6. The adjunction — ® T'B 4T B — — immediately gives an adjunction
—®T B+ BT— —. Hence, (C,1,®7,T—0) is right-skew monoidal closed.

Theorem 4.11 Given a right-skew monoidal closed category (C,1,®,—). Then
(i) (C,1,®) is right-normal iff (C,|,—o) is right-normal;
(ii) (C,l,®) is left-normal iff (C,1,—o) is left-normal;
(iii) (C,1,®) is associative-normal iff pR is a natural isomorphism iff (C,1,—o) is associative-normal.

Proof. The required bijections follow from the sequences of bijections of natural isomorphisms in the proof of
Theorem 2.10 under the translation described in the proof of Theorem 4.8. O

The following two theorems are considerably more interesting. Left-skew closed (I, —o') and right-skew
closed (I, —oR) structures on a category C are in a bijective correspondence in case C satisfies an additional
condition resembling one of the requirements imposed by Lambek in his syntactic calculus [19].

Theorem 4.12 Let C be a category with an object | and functors —ob, —oR : CP x C — C together with what
we call the external Lambek condition, viz., a bijection

oapc:C(AB—-RC)—= C(B,A—"C)

natural in A, B and C.
Then (C, 1, —ob) is left-skew closed if and only if (C,1,—oR) is right-skew closed: there is a bijection between
the (j,i, L) left-skew closed and the (iR, jR, LR) right-skew closed structures on (C, I, —ob) resp. (C, I, —oR).
Moreover, both L and LR are also interdefinable with a natural transformation

SA,B,C A—ot (B—-R(C)—= B—-R(4-t0)
(an internal version of o).

12
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Proof. The requisite bijections between the relevant pairs of data follow from the following sequences of
bijections. These hold both for natural transformations in the forward direction only (relevant here) and for
natural transformations in both directions, in particular natural isomorphisms (relevant for Theorem 4.15).

74 L Lp'B
C(A,B) = C(I, A —L B) | --B=B
C(A, B) 2 C(A,1 —R A) C(A,1 -\ B) =2 C(4, B)
iRg ®am
B =2 1-RB C(,A—-RB) =2 C(A,B)

XA L L LA'ic’D L L
J7 C(A, X - D) x C(B,C —"- X) = C(A, B —- (C —" D))

¥ C(X,A—R D) x C(B,C —t X) = C(A, B - (C —! D))

sc

,A,D
C(B,C —' (A —R D)) 2 C(B, A —R (C —' D)) | C—=lt(A—-RD) = A-R(C—-D)

C(C, B =R (A—R D)) = [¥ C(X,C - D) x C(B, A —R X)

R
L"c,B,A,D
—
=

C(C, B—R (4 —R D)) X C(C, X —R D) x C(B, A —R X)

The bijection in the proof of Theorem 4.12 interdefines (X, XE XlI) with s:
BRp- p+ C=(B—-R(C—-RD7)) -t DT

Aot (C—R D) *SP ¢ R (A -t D)
C(B, A —- (C —R D)) = C(B, A —" (C —R D))

B —R (C —R D)) =' D — (B —R (C —R D)) =' D C(A, B —R (C =R D)) = C(B, A - (C —R D))

XEp, B,c Nip B,c
= s

B —R (C —R D) ((B =R (C —R D)) =- D) =R D B C —R ((B —oR (C —R D)) —t D)

Notice that in this case B Kp p C' looks like a monomorphic Church encoding of a (non-existent) right-skew
tensor B ®R C for the specific motif D.

Definition 4.13 Under the assumptions of Theorem 4.12, if (C,|,—ob) is left-skew closed or, equivalently,
(C, 1, —R) is right-skew closed, we say that (C, 1, —ob, —oR) is skew bi-closed.

Example 4.14 Given a skew bi-closed category (C, |, —ob, —R) and a monad T on it. Then T is left-strong

wrt. —ob if and only if it is right-strong wrt. —oR: there is a bijection between the left-strengths cst and the
right-strengths cstR:

At CcTATA LT
C(B,A—-C) - C(B, TA—--TC)
C(A,B—R(C) = C(B,TA—--TC)

B—T(B—-RC)—--TC

cst%c
T(B—-RC) =" B-RTC

Suppose that T is lax closed wrt. —oR, which entails that T is right-strong wrt. —oR and hence left-strong
wrt. —ob. Let B —o-" ¢ = B TC and B —R" €' = B R TC as in Examples 3.5 and 4.7. By what
we have learned before, (KI(T), I,wLT) is left-skew closed and (KI(T), I,wRT) is right-skew closed. But
(KI(T), 1, —oLT, —oRT) is not skew bi-closed as we do not have C(A,T (B —RT C)) = C(B,T (A—-TC)) and
hence cannot have KI(T')(A, B —oRT C)=KI|T)(B,A LT Q).

The normality conditions on —o- and —oR also correspond in the Lambek situation.
Theorem 4.15 Given a skew bi-closed category (C, 1, —ob, —oR). Then
(i) (C,1,—ob) is left-normal iff (C,1,—oR) is right-normal;

13
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(ii) (C,1,—o) is right-normal iff (C,1,—oR) is left-normal;

(iii) (C,1,—ob) is associative-normal iff s is a natural isomorphism iff (C,|,—oR) is associative-normal.

Proof. The sequences of bijections shown in the proof of Theorem 4.12 above hold not only for natural
transformations in the forward direction but also natural isomorphisms. O

Theorems 4.12, 4.15, connecting —ob and —oR, are shortcuts past ®" and ®R in their absence. If (C, 1, @, —o")
is left-skew closed monoidal and (C, I, ®R, —oR) is right-skew closed monoidal and there is an isomorphism
A®" B = B®R A, then the “external Lambek” condition is a consequence of the sequence of bijections

A— B-RC
ARRB > C
BeLA—C
B— A-—-lC

Theorem 4.12 is in that case a corollary of Theorems 2.10, 4.2, 4.8 whereas Theorem 4.15 follows from Theo-
rems 3.8, 4.4, 4.11.

5 Left-Skew Promonoidal and Prounital-Closed Categories

As remarked by Street [29] building on an old observation of Day [10], it is possible to view both left-
skew monoidal and left-skew closed categories as instances of a common pattern, namely that of a left-skew
promonoidal category. This is defined in [29] as a category C together with a pair of functors J : C — Set and
P :C° x C°? x C — Set and three natural transformations A, p, o typed

Mg :C(AB) = [N J(X)x P(X,A;B)  pap: [~ P(A X;B)x J(X)— C(A, B)
aapep: [N P(AX;D)x P(B,C;X) — [* P(X,C;D) x P(A, B; X)

satisfying five equations omitted here. To understand where the definition comes from, it is helpful to invoke
the more abstract notion of left-skew monoidale in a monoidal bicategory introduced by Lack and Street,
namely an object C' equipped with 1-cells p : C® C — C and j : | — C and a triple of 2-cells (), p, @)
satisfying five equations, see [17] for details. A left-skew monoidal category is the same thing as a left-skew
monoidale in Cat, the bicategory of categories, functors, and natural transformations, with the monoidal
product given by the cartesian product of categories, whereas a left-skew promonoidal category in the above
sense is just a left-skew monoidale in Dist°p(1’2), the bicategory whose objects are categories, 1-cells C - D are
distributors (a.k.a. profunctors) C°P x D — Set, and 2-cells between distributors F' and G are reverse natural
transformations 64 5 : G(A, B) — F(A, B), and with the tensor again given on objects by the cartesian product
of categories.

As the notation suggests, Dist®®™?) is the result of reversing both 1-cells and 2-cells in Dist, the bicategory
of categories and distributors in its more common orientation [3]. Recall that there are pseudofunctors (—)® :

Cat — Dist and (—)° : Cat — Dist®®®? | which act as the identity on objects, and which send a functor
F : C — D to the representable distributors F® = D(—,F—) and F® = D(F—,—), respectively. Since
both of these pseudofunctors are monoidal, they transport a left-skew monoidale in Cat to a pair of left-
skew monoidales, one in Dist and one in Dist®®?) . On the other hand, a left-skew closed category only
induces a left-skew monoidale in Disto"(l’2)7 hence the choice of orientation in Street’s definition of “left-
skew promonoidal category”. Explicitly, the left-skew promonoidal structure induced by a left-skew monoidal
category is given by J(A) = C(I,A) and P(A, B;C) = C(A® B, (), while for a left-skew closed category it is
given by J(A) = C(l, A) and P(A, B;C) = C(A, B — C). Conversely, both left-skew monoidal categories and
left-skew closed categories can be defined as left-skew promonoidal categories with different representability
conditions [29, Proposition 22].

A benefit of analyzing left-skew monoidal and left-skew closed categories in this way is that one may consider
selectively relaxing the representability conditions. In particular, by dropping the representability condition
on .J one obtains a natural notion of left-skew prounital-closed category.”

7 The definition was suggested but not fully worked out by Shulman [27, Rev. 49]. The original term was ‘non-unital’, but this
was somewhat misleading since the unit is “morally there”, albeit not represented.
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Definition 5.1 A left-skew prounital-closed category is a category C equipped with functors J : C — Set and
—o : C°? x C — C and natural transformations j, i, L typed

jAEJ(AHDA) Z'A)B:JA—)(C(AAOB,B) LAB’CG(C(BHDC,(AAOB)—O(AAOC))

satisfying the following equations as well as equation (c5) where we write og : C(A,B) x J A — J B for J as a
left action, i.e., foge=J fe:

(pl) e=iaae00ja € JA foree JA;

(p?) iA%A,AﬂchOLA1A7C:idAﬂCG(C(AHDC,AHDC),'

(p3) La,B,B %0 jB =ja—on € J((A— B) — (A — B));

(p4) iape—oC=((A—oB) —oigce)oLlspc €C(B—-oC,(A—B)—C) foreec JA.

The natural transformations j, 1 and L are interdefinable with natural transformations 7, 7 resp. L typed

F4.5:C(A,B) = J(A—B) Tap: [ C(AX — B)x.JX —C(A,B)
Lapeop: [FCA X — D) x C(B,C — X) — C(A, B — (C — D))

If 73, 7 or L is a natural isomorphism, then we say that the left-skew prounital-closed category (C,J,—o) is
left-normal, right-normal resp. associative-normal.

The set J A plays the role of the set of global elements of A, replacing C(I, A) in the absence of I. The
operation og is application of a map to an element, as opposed to the operation o of composition of two maps.

Example 5.2 With the unit | and the associating term formers dropped, the non-commutative linear typed
A-calculus from Example 2.9 is a presentation of the free left-skew prounital-closed category. Just as the free
left-skew closed category, it happens to be left-normal.

6 Conclusion and Future Work

We demonstrated that it pays off to match the data, equations and normality conditions of left-skew monoidal
categories vs. left-skew closed categories one by one and to consider partial normality. This gives a clearer
and finer picture of what is going on both in different general situations as well as in examples. In particular,
closed categories in the sense of the standard terminology correspond to monoidal categories that are left-
skew in regards to associativity. We showed that it makes sense to adjust the definition of closed category to
include associative-normality so that closed categories then correspond to normal monoidal categories. We also
demonstrated that there are well-justified notions of right-skew closed category and left-skew prounital-closed
category with nontrivial examples.

This note reports only the first findings of a project. We plan to continue it along several avenues.

We intend to find more examples, in particular examples relevant to mathematical semantics of program-
ming (based on monads, comonads, lax monoidal/closed functors etc.). We plan to determine which examples
of nonmonoidal closed categories from the mathematical literature (especially the catalog of de Schipper [28,
Ch. 5]) are left-skew and which are normal in the associativity respect. We intend to investigate the Yoneda em-
bedding of skew /partially-normal monoidal/closed categories into presheaf categories as was done for monoidal
closed and closed categories by Day and Laplaza [10,12,22]. Finally, in continuation to our prior work [35,32]
and relating to Bourke and Lack’s skew multicategories work [5], we plan to work out in detail the proof
theory (sequent calculus, natural deduction) for left-skew /partially-normal monoidal, closed, prounital-closed,
monoidal closed and bi-closed categories. In the left-skew monoidal sequent calculus, which we already ex-
plored [33], left-normality corresponds to the addition of an extra ® right-introduction rule (which makes
passivation invertible and renders the stoup unnecessary), right-normality corresponds to allowing the | left-
introduction rule not only in the stoup but also in the passive context (generalized to all formulae made of |
and ® only) and associative-normality corresponds to similar liberalization of the ® left-introduction rule.

In a longer term, we would also like to extend the scope of this project beyond the structures we considered
here, to skew and normal versions of symmetry and braidedness for skew/partially-normal monoidal/closed
categories, above all their proof theory. This is related to recent work by Bourke and Lack [6].
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